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SUMMARY 


Spiral bevel gears have widespread applications in the transmission 
systems o£ helicopters, airplanes, trucks, automobiles, tanks and many other 
machines. Major requirements in the field of helicopter transmissions are: 
(a) improved life and reliability, (Tj) reduction in overall weight (i.e., 
a large power to weight ratio) without compromising the strength and 
efficiency during the service life, (c) reduction in the transmission noise. 

Spiral bevel gears which used in practice are normally generated with 
approximately conjugate tooth surfaces by using special machine and tool 
settings. Therefore, designers and researchers cannot solve the Hertzian 
contact stress problem and define the dynamic capacity and contact fatigue 
life until these settings are calculated. The geometry of gear tooth sur- 
faces is very complicated and the determination of principal curvatures and 
principal directions of tooth surfaces for Hertzian problem is a very hard 
problem. 

The first two parts of this report deal with tooth contact geometry. 

In this report, a novel approach to the study of the geometry of spiral 
bevel gears and to their rational design is proposed. The nonconjugate 
tooth surfaces of spiral bevel gears are, in theory, replaced (or approxi- 
mated) by conjugated tooth surfaces. These surfaces can be generated: 

(a) by two conical surfaces which are rigidly connected with each other and 
are in linear tangency along a common generatrix of tool cones and (b) by 
a conical surface and a surface of revolution which are in linear tangency 
along a circle. 
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We can imagine that four surfaces are in mesh; two of them are tool 
surfaces and and are gear tooth surfaces. Surfaces 

and G^ are in linear contact and the contact line moves along the surfaces 
Z^ and G^ in the process of meshing. Surfaces Z^^ and Z^ are rigidly 
connected and move in the process of meshing as a whole body. Surfaces G^ 
and G^ are in point contact and the point of their contact moves along 
the surfaces in the process of meshing. Surfaces G^ and G^ are hypothet- 
ical conjugate tooth surfaces which approximate the actual nonconjugate 
tooth surfaces to within manufacturing tolerances in the neighborhood of any 
path contact point. It is important to note that these conjugate tooth 
surfaces are not practical to use and, due to a constant tooth depth, may be 
undercut partly. However, the dynamic design of the gears is primarily 
dependent upon the nature of tooth surfaces in the neighborhood of the path 
of contact, and we propose to use these hypothetical conjugate surfaces for 
this purpose. 

Although these hypothetical conjugate surfaces are simpler than the 
actual ones, the determination of their principal curvatures and directions 
is still a complicated problem. Therefore, a new approach to the solution 
of these is proposed in this report. In this approach, direct relationships 
between the principal curvatures and directions of the tool surface and 
those of the generated gear surface are obtained. Therefore, the principal 
curvatures and directions of gear tooth surface are obtained without using 
the complicated equations of these surfaces . 

The proposed report utilizes effective methods of kinematic and 
analytic geometry (e.g., matrices for coordinate transformation, kinematic 
relations between motions of contact point and unit normal vector of two 
surfaces, etc.). With the aid of these analytical tools, the Hertzian 
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contact problem for conjugate tooth surfaces can be solved. These results 
are eventually useful in determining compressive load capacity and surface 
fatigue life of spiral bevel gears. 

In the third part of this report, a general theory of kinematical 
errors exerted by manufacturing and assembly errors is developed. This 
theory is used to determine the analytical relationship between gear 
misalignments and kinematical errors. In the past, the influence of manu- 
facturing errors and assembly errors on two surfaces in contact could be 
determined only by using numerical methods. 
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. BASIC METHODS OF INVESTIGATION 


1.1 General Kinematic Relations 


Three coordinate systems rigidly connected with mechanism links are 
considered. One of these - S^(x^,y^,z^) - is rigidly connected with the 

frame. The other two - S^(x^,y^,z^3 Ci = l,2) are rigidly connected with 
the driving and driven gears. 


The tooth surface is represented by vector-function 

(u,0) e G 


( 1 . 1 . 1 ) 


where (u^,0^3 are surface coordinates. The symbol C*" means that function 
(1.1.1) has continuous partial derivatives of first order with respect to 
all its arguments. The designation eG means that surface coordinates 
belong to the area G. 

The normal vector N^ and unit normal vector n^^^ are represented by 
the following equations: 


9r. 9r. 

1 1 


( 1 . 1 . 2 ) 


(1.1.3) 


It is assumed that surface is a regular one and ^ 0. 

Surface and its unit normal vector may be represented in coordinate 


system by equations 

.(i) - ^(i), 


( 1 ).^ ..^( 2 ) 


If = £f ^i’®i*‘^i^ (i=1.2) (U^,0.) e G, (1.1.4) 




(1.1.5) 


Equations (1.1.4) and (1.1.5) can be obtained with the matrix equations 


= [Mfi] [r^] 


( 1 . 1 . 6 ) 


[n^^^] = [L^^] [n^] 


(1.1.7) 


Matrix is represented by 
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^11 

^12 

^13 

^14 

[Mfil = 

^21 

^22 

^23 

^24 


^31 

^32 

^33 

^34 


0 

0 

0 

1 


• 



- 


COS(X£,X^) 

cos(x£'^y^) 

cos(x^%^) 

(Oi) 

Xf 


cos(y^"x^) 

cos(y£"y^) 

cos(y^"z^) 

(Oi) 

1 

(1.1.8) 

cosCz^'^x^) 

cos(z^"y^) 

cos(z^"^z^) 

(Oi) 

"f 


0 

0 

0 

1 



where 3-nd are "new" coordinates of the "old” origin-- 
the coordinates of origin 0^ of the coordinate system as defined in 
coordinate system S^. 

The column matrix [r^] is represented by 



Cl. 1.9) 


Here the coordinates of a point M are homogeneous coordinates: 
Matrix [L£^] is a sub-matrix of [M£^] 


[Lfi] = 


^1 

^12 

^3 


COS(X£7x^) 

cos(x£^y^) 

cos(x£')z^) 

^21 

^22 

^23 

= 

cos(y£7x^) 

cos(y£;y^) 

cos(y£')z^) 

^31 

^32 

^33 _ 


cosCz^'Jx^) 

cos(z£')y^) 

cos (Z£')Z^) 


The column matrix [n^] is represented by 


MCx. ,y. , z. ,1 
11 1 


( 1 . 1 . 10 ) 
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( 1 . 1 . 11 ) 


[n.] = 


XX 


n. 

ly 


n. 

iz 


In the process of motion tooth surfaces and niust be in con- 


tinuous tangency. Therefore, the following equations are to be observed 

( 1 . 1 . 12 ) 


Tf^^’(Ui,9i,(|>i) = £f Cu2.02'‘t’2’ 


!}f 


( 1 ) 


(Ui,e^,4)i) = n^^^^ (u^,e.,,(l)^3 , 


2 ’ 2 ’^ 2 - 


(1.1.13) 


where (J)^^ and are the angles of rotation of the driving and driven gears, 

respectively. Equation (1.1.12) expresses that surfaces and have 

common points. Equation (1.1.13) expresses that surfaces E^ and E^ have 
common unit normals at their common points. Together, equation systems 
(1.1.12) and (1.1.13) express that surfaces E^ and are in tangency. 

Figure 1.1,1 shows surfaces E^ and E 2 which are in tangency at point M. 
Plane T is tangent to these surfaces at their point of tangency, point M. 
Position vectors r^^^ and r^^^ drawn from the origin 0^ of coordinate 
system S^(x^,y^,z^) coincide with each other at point M. At this point 
the unit normal vectors ~f^^ coincide, too. 

Vector equations (1.1.12) and (1.1.13) yield the following six scalar 
equations 




(1.1.14) 



(1.1.15) 



(1.1.16) 



(1.1.17) 



(1.1.18) 

''^(Uj,6j,4.i) 


(1.1.19) 
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FIG. 1.1. 1 

Contacting Tooth Surfaces 
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Scalar equations (1.1.14) - (1.1.19) can be represented as 

° (k=l,2,...,6) (1.1.20) 

But three equations (1.1.17) - (1.1.19) of the system (1.1.14) - (1.1.19) 
can provide only two independent equations because ^nd are unit 

vectors. Therefore, and if two projections of each unit 

vector are equal then the third projections must be equal, too. Con- 
sequently, vector equations (1.1.12) and (1.1.13) yield a system of only 
five independent equations: 

fi(Ui,0i,(})i,U2,02,4)2) = 0 (i = l,2,3,4,5) (1.1.21) 

It is assumed that 


In other words, it is assumed that functions f^ (i=l , . . . ,5) have with respect 
to all arguments continuous partial derivatives of first order at least. 

It is known that the instantaneous contact of tooth surfaces can be a 
linear contact (along a spatial curve, in general) or a point contact. Let 
us suppose that the system of equations (1.1.20) is satisfied at a point Mo 
by a set of parameters 

P = (u^°,0^°,())j°,U2%02°,cj)2°) (1.1.23) 

If link 1 is the input and tooth surfaces are in contact point in the neigh- 
borhood of Mo a system of functions 

{cj)2((t)^),u^(c{)j),ej(ci)p,U2((i>j),02('^l)l £ 
must exist in the neighborhood of Mo- This requirement will be satisfied 
if at point Mo the following inequality is observed 


Here : 


P^fl,f2^^3^^4'^5^ 

D(Ui,0i,U2,e2.<J>2) 


D(Uj,0^,U2,e2,4>2) 


5^ 0 


3f, 

9f, 

1 

1 

9u. 

30, 

1 

1 



3ui 

301 


>2 3c^2 


(1.1.24) 


(1.1.25) 


is the Jacobian of system (1.1.20) 
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Inequality (1.1.24) indicates that the tooth surfaces are in contact at a 
point. If the inequality (1.1.24) becomes an equality this indicates that 
surfaces contact each other along a line. 

It results from the continuity of surface contact that 




( 2 ) 




or that 


dr 


(1) 


drf) 


^ (u^,ej,4.p = 3^ (“2’®2’V 


dn 


( 1 ) 


dnf) 


dt dt 


Let us designate dr^^^ by and dn^^-^ by (1=1^2). Here: is 

dt dt 

the velocity of contact point in the absolute motion (with respect to the 
frame) ; is the velocity of the end of unit normal in absolute motion 

(with respect to the frame) . 

The velocity of absolute motion can be represented as a sum of two 
components: (a) velocity of transfer motion - together with the surface; and 

(b) velocity of a relative motion - relative to the surface. Conse- 
quently, 

(1) (1) (1) (2) (2) (2) 

v'-, =v +V , V, =v^ +v 

~abs ~tr ~r ~abs ~tr ..r 


.(i) 




,Ci) 


(1.1.26) 

(1.1.27) 

(1.1.28) 
(1.1.29) 

Xi) 


.( 1 ) .( 1 ) *( 1 ) -( 2 ) .( 2 ) .( 2 ) 

~abs ~tr ~r ~abs ~tr ~r 

Equations (1.1.12), (1.1.13), (1.1.30) and (1 . 1 - 3 1) yield 


du. 9r^^^ d0. 


CD . ^ CD = !L _ 

~tr 8(j). dt * ~r 3u. dt 96 


dt 


(1.1.30) 

(1.1.31) 

(1.1.32) 
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(1.1.333 


9n 

?tr " 3^ 


Ci3 


^ .(i) 

dt * 


3n 


(i) 


3u. 

1 


du. 

1 

dt 


3n 


(i) 


ae. 

1 


de. 

dt 


Due to continuity of tangency 


(13 (23 .(13 .(23 

^ = v^ Ti'* = n'‘ *' 

-abs ~abs ~abs ~abs 


Equations (1.1.303, (1.1.313 and (1.1.343 yield 


( 1 ) . , ^(23 

~r ~tr ~r 


~tr 


.(13 .(13 .(23 .(23 

~tr -r ~tr ~r 


(1.1.343 

(.1.1.353 

(1.1.363 


Equations (1.1.343 and (1.1.353 were proposed by F. Litvin. On the basis of 
these equations important problems in the theory of gearings, such 
as problem of tooth-nonundercutting, relations between curvatures of two 
surfaces in mesh, and the problem of kinematical errors of gear drives caused 
by errors of manufacturing and assemblage, were solved. 

1.2 Transfer Velocity 

In addition to equation (1.1.323, transfer velocity may be defined in 
a kinematical way, too. 

Figure 1.2.1 shows a tooth surface of gear i. The gear rotates 

with angular velocity about axis j-j. Generally, the axis of rotation 

does not pass through the origin 0^ of coordinate system S^. 

The sliding vector directed along j-j may be substituted by 

the same vector which passes through 0^ and a vector-moment ^ ~f^^ ^ 

where is a position vector drawn from 0^ to an arbitrary point on 

the line of action of (of axis j-j3- Figure 2.1 shows vector 


Ci) _ 


= 0^ 


(i3 


The reduction of the sliding vector w 


(i) 


passing through point N 


(i) 


by the same vector passing through 0^ and vector-moment ^ 

is based on the opportunity to represent the transfer velocity by the follow- 
ing two equations: 

(1.2.13 


q) = 4^5 

.tr ~f 


^(i) 
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Cl. 2. 2} 


~tr^ = X X 


It is easy to verify that 


col^^ X X 0)^^^ = X 

~r ~± ~f 


~f if ■ “f 
taking into account that 


= 0^ 


- Rf^^ 


(1.2.3) 


(1.2.4) 


(i) 


■ £ i'f 

Consequently, 

^(i) ^ _(i) . p(i) ^ ..(i) _ . fi) ^ . (i) 

Wf ^ -.f ^ X (r^ - 

The velocity of transfer motion represented by equation (1.2.2) can be 
considered as a resultant velocity of two motions: (a) translation with 


n(i).. _ ,,(i) 

X p^ 


,(i) 


,Ci). 


the velocity ^ ^ (^) rotation with angular velocity 

about axis j*-j’ drawn through 0^ parallel to axis j-j. 

Now, let us define the transfer velocity of the unit normal vector. 

Fig. 1.2. 2 shows point of the tooth surface (i=l,2), the unit normal 

n^^\ and the tangent plane T to the surface at point 


sliding vector not to point 0^ but to point 


The surface 

rotates about axis j-j with angular velocity . 

Unlike the previous case, shown in Fig, 1.2.1, let us move the 

Then, the trans- 
fer motion may be represented as a resultant motion with two components: (a) 

of translation with velocity ; and (b) of rotation about 

axis j’-j' with angular velocity Axis j’-j' is drawn through point 

parallel to j-j (Fig. 1.2.2) .point is an arbitrarily chosen point 


(i) 


on axis j - j . 

By translation the unit normal vector n''"*^-^ will be moved with the surface 
point parallel to its original direction. So, when surface with 


point and unit normal n^^^ is translated with velocity 


~f 


vector n^ 


(i) 


does not change its original direction. But the direction of 


(i) 


will be changed by rotation about axis j ' - j ' . 
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is the initial 


Fig. 1.2.2 shows two positions of the unit vector: n 


Ci) 


position and n^^^ is the changed position after rotation about axis j’-j’ 
by the angle dt. The difference 

'^(i) Ci) j Ci) 

n^ - n'' ^ = dn^^^ (1.2.5) 

represents the displacement of unit normal by rotation about axis j ' - j ' . 
Vector is represented by the equation 

dn^^ = dcf)^^^ X n^^^ = (co^^^ x n^^^)dt 


— T ->■ “ V'~£ ..... _,v», (1.2.6) 

Accordingly, the velocity of transfer motion may be represented by 

equation 

u.2.7) 

1.5 Relative Velocity of Contact Points 


Consider tooth surfaces and which are in mesh. Points 

( 2 ) 

and M are rigidly connected with their respective surfaces and coincide 
with each other at the point of surface contact. 

Let us designate by v^^ and vj^^ the transfer velocities of points 
and the subscript "I" means that and are 

represented in terms of components of coordinate system rigidly con- 
nected with surface The relative velocity 


V ( 21 ) = V ( 2 ) _ V ( 1 ^ 

~1 ~1 ~1 


(1.3.1) 


(2) fl) 

expresses the velocity of point with respect to point M ^ defined by 


an observer located at the system at point M 

Sample problem 1.3.1 


( 1 ) 


Gears 1 and 2 rotate about crossed axes and with angular 

velocities and (Fig. 1.3.1); axes z^ and z^ make an angle 

y; the shortest distance between z^ and z^ is C. Points and M^2^ 


of surfaces and ^2 coincide with each other at the point of contact M. 
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The transfer velocities of points ^ and are represented by the 

equations 


C2) 




\il 

2i 

h 

xl 

yl 

o>f 

Z 

^1 

^1 

h 




Cl) 


X O^M + X cOj 


( 2 ) _ 


(1,3.2) 


ii 

h 

h 


^1 

^1 


xl 

J2) 

yl 

03(2) 

zl 

+ 

(O2) 

^1 


(O2) 

"1 

^1 

>^1 

^1 


(2) 

xl 

(2) 

“yl 

(2) 

“zl 


are 

coordinates 

of point 




(1.3.3) 


03^, 03 W 

xl yl zl 


are projections of angular velocity 03 


(i) 


(i=l,2); X, 


are coordinates of point 0^ in terms of coordinate system . 
Surface rotates about and 


03^15 = 03(^5 = 0. 

xl yl 


= 03(1’ 

zl 

,( 2 ) 


(1.3.4) 


It is easy to express in terms of components of coordinate 

system rigidly connected with the frame 

1 


m 


( 2 ) . 

-(0^ -^sinY 


( 2 ) 

-Oi cosy 


(1.3.5) 


The angular velocity co 


( 2 ) 


::i 


can be expressed in terms of components of 


coordinate system with the aid of the matrix equation 


[ 0 ). 


( 2 ). _ 


,( 2 ) 


] = [Ljf] 


(1.3.6) 


Here: matrix 
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(1.3.7) 


[‘■if] = 





cos(()j^ sin^j^ 0 


0 

-sin(f)j^ cos(})^ 0 


(2) . 

-co^ -'siny 

0 0 1 


(2) 

-CO -^cosy 



_ 


describes transformation of vector projections by transition from to 


Si- 


It results from expressions (1.3. 5) -(1.3. 7) that 

(2) ■ ■ A " 

-&)'• '^siny sincpj^ 


( 2 ) 

h J 


(2) . A 

-co^ siny cos(p- 


( 2 ) 

-co^ •'cosy 


(1.3.8) 


Transformation of coordinates of some point given in system to is 

represented by matrix equation 

[r^] = [M^^] [r^]. (1.3.9) 


where 


tMlfl = 


cos(})j sin4>j^ 0 0 


-sinc|)j^ coscj)^ 0 0 


1 0 
0 1 


For point 0^ the column matrix is given by 


W ■ H ■ 




Expressions (1.3. 9) -(1.3. 14) yield 

‘-C cos(j 


[RJ = 


CO^) 


CO2) 


(O2) 


C sini})^ 

0 

1 
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(1.3.10) 


(1.3.11) 


(1.3.12) 



The subscripts ”f" and "1" for [R^] and [R^] denote that the same vector 
R = ^1^2 expressed in terms of components of two coordinate systems: 
and S^. 

Equations (1 . 3. 2) - (1 . 3.4) , (1.3.8) and (1.3.12) yield 

y^^ cosy + siny cos(j)^-C to^^^cosy sincf)^ 

-Xj (oj^^^cosy + o)^^^) + z^a)^^^siny sin4>j^-Coj^^^cosy cos4)^ 


( 2 ) 

^ 0 ) siny (x^cos(j)j^-y^sin({)^ + C) 


(1.3.13) 


To express the relative velocity v 


( 21 ) 


in terms of components of coordinate 


system it is sufficient to put in matrix (1.3.13) (j)^ = 0 and x^ = 

^f j Y-^ - /£» because with t})^ = 0 the coordinate system coin- 


cides with S^. 


[V. 


( 21 ) 


] = 


r (2) (1), (2) . 

y^(o)^ "^cosy + co^ •^)-z^co siny 

-X£(w^^^cosy + ) -C 00 ^^^ cosy 

(21 

00^ -^siny(x^ + C) 


(1.3.14) 


For the case when motion is transformed between parallel axes the crossing 
angle y must be put equal to zero in matrices (1.3.13) and (1.3.14). For 
gear drives with intersecting axes, such as bevel gears, the shortest distance 
C must be put equal to zero in the same matrices; the angle y is made by 
intersected axes. 

1.4. The General Law of Gearings 

Let us suppose that tooth surfaces and which are in linear or 

point contact must transform motion with prescribed angular velocity ratio 
R^j^ = 00 ^^^ with prescribed location of the axes of rotation. Because 

the contact of surfaces must be a continuous one the surfaces should not 
interfere each other or lose their contact. Therefore, at a point of contact 
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( 21 ') 

the relative velocity v^^^ must belong to the common tangent plane T 
to the surfaces at their contact point M (Fig. 1.4.1). Consequently, 
at a point of contact the following equation 


Ni • v^^^ = 0 


(1.4.1) 


must be observed. Here: is the common surface normal at the contact 


point M, v^ 


( 21 ) 


is the relative velocity represented by equations (1.3.13). 
For a surface represented by vector-function 

r^(u,0)£C^, (u,0)6G (1.4.2) 

the surface normal is defined by equation 
9r, 


-1 ^Hi 


Cl.4.3) 

Equations__(l . 4. 1) and (1 . 4 . 3) 'yield that the scalar triple product 
is equal to zero. The equation 


provides an equation of meshing 


(1.4.4) 


f(u,0,<l)^) = 0 


(1.4.5) 


^?1 ^?1 

because and ttt?— are functions of surface coordinates (u,0) and 


.( 12 ) 


9u * 90 

Yj***'" ^ function of (u,0,<J)j^). 

Surface can be represented in coordinate system by the 

vector-function 


r^(u,0,(})p 0C^ (u,0)eG, < <^i< (1.4.6) 

Different values|jOf (f)^^ correspond to different positions of in coordinate 

system S^. For a definite position of the motion parameter (})j^ must 


be considered as a fixed one. 
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The equation o£ meshing (1.4.5) can be obtained by 


9r^ 9r^ 
9u 90 


^^(21)1 , ffu,e,4.p = 0 


Here : 


9r^ 9r_ 


(1.4.7) 


(1.4.8) 


( 21 ") 

is the surface normal; the relative velocity v^^ ^ is represented by 

equations (1.3.14). 

For gearings with parallel and intersecting axes the law of meshing 
can be expressed in another form. 

For gears with parallel axes the relative motion can be represented as a 
rotation about the instantaneous axis of rotation I-I (Fig. 1.4.2). By a given 
ratio 


21 ( 1 ) 
0)^ ^ 


(1.4.9) 


the relative motion is rolling of two cylinders with operating radii r. 

I 

and r^^ defined by equations 


^1 0 )^ 2 ) 

' " ( 1 ) ' ^ 21 ’ ^1 ^ ^2 ~ 
^2 ^ 


(1.4.10) 


where C = 0-j^02 distance between the axes of rotation. 

With cylinder 1 fixed, cylinder 2 rotates about axis I-I with angular 
velocity The relative velocity is represented 

by equation 


Vi^^^^ = X m'm. 


(1.4.11) 


where M is the point of contact of surfaces and E2; MM is a per- 

pendicular to axis I-I drawn from point M. 

Equations (1.4.1) and (1.4.11) yield 
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- ■ 



FIG 1.4.2 


Pitch Cylinders and Instantaneous Axis of Rotation 
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Nj • X m'm) = = 0 


Cl. 4. 12) 


Because the scalar triple product is equal to zero^all three vectors must 
belong to the same plane and the surface normal must intersect the 

instantaneous axis of rotation I-I (Fig* 1.4.2,B). This fact results in 
the following theorem: 

The contact line of tooth surfaces of gears with parallel axes of 
rotation must be such that common normal to tooth surfaces at any point 
of contact intersects the instantaneous axis I-I of rotation (the 
line of tangency of operating pitch cylinders) . 

According to this theorem the law of meshing may be defined with the 
following equations 


X^-x^(u,0) Y^-y^(u,0) Z^-z^(u,0) 


xl 


N 


(1.4.13) 


yi 


zl 


Here: x^(u,0), y^(u,0), Zj(u,0) are coordinates of a point of surface 

X^((|)j^), coordinates of a point which belongs to 

axis I-I (Fig. 1.4.2). It is assumed that axis is the rotation axis of 
gear 1 and 1^^ is a coordinate of a point of this axis. 


The first equation (1.4.13) 

Xj(cJ)p-Xj(u,0) Y^((j)p-y^(u,0) 


N^lCu.B) 


Nyi(u,0) 


(1.4.14) 


yields the equation of meshing (1.4.5). 

Equations (1.4.13) can be applied for bevel gears, too. 

The equation of meshing can also be defined another way, if instead of 
(1.4.14) the following equation is used 


X^-x^(u,0,<l)^) Yp-y^(u,0,4>^) 


N^^(u,0,(j)^) N^y(u,0,(})^) 


(1.4.15) 


Subscript ”f" denotes that all vectors are represented in terms 
of components of coordinate system S^(x£,y£,z^) rigidly connected with the 
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frame; X^,Y^,Z^ are coordinates of a point which belongs to the axis of 
instantaneous rotation; coordinates of a point of surface 

^1’ ^xf’^yf*^zf projection of surface normal. 

1.5 Contact Lines, Surface of Action, The Enveloped Surface ' 

The same three coordinate systems mentioned in item 1.1 are considered. 

The problem to be solved can be formulated as follows: The surface of 

gear 1 teeth is given; surface of gear 2 teeth, the surface of action 

and lines of contact of surfaces and must be defined. Let us take 

as the generating surface and as the surface generated by E^^. 

Let us suppose that surface E^^ is represented by vector- function 

rj^(u,6)£C^, (u,6) e G (l-S-l) 


Then, contact lines on surface E^ can be represented by the following 
equations 


^1 " 

= y^Cu,e) 

Zi = z^Cu,0) 

Nj • = f(u,0,(J)j) = 0 


(1.5.2) 


The first three equations represent surface E^^, the fourth one represents 

the equation of meshing; c()^ is a fixed value for every contact line. 

(i) 

Fig. 1.5.1 shows surface E^^ covered with contact lines CL(<})j^ ) 

(i=l,2,3, . . . ) , where are fixed values. By a definite value of 

line CL((j)^^^^) will become the line of instantaneous tangency of E^ and 

^2‘ 

The to-be-defined surface Z^ can be represented as the locus of 

contact lines in coordinate system ‘ Consequently, surface 

E^ can be represented by equations 

X- = x„(u,0,(})J, y, = y^(u,0,(}) ), 

1 z ^ 1 ( 1 . 5 . 3 ) 

= Z2(u,0,4>j^) , f(u,0,4)j^)=O 
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FIG. 1.5.1 


Surface Covered with Contact Lines 
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The first of these three equations can be obtained through the matrix equation 


where 


matrix 
to Sj. 






r^(u,0)J , 

"^ 2 ' 


x^(u,0) 

^2 

’ hi “ 

y^(u,0) 

z„ 

L 

Zj(u,0) 

2 



_1 


1 


Cl. 5. 4) 



describes coordinate transformation by transition from 


S 


1 


The surface of action is a locus of contact lines represented in the 
coordinate system by equations 

= x^(u,e,c{)^) , y^(u,0,cl)^) , = z^(u,e,4)^), 

f(u,0,cf)^)=O (1.5.5) 


The first three equations are obtained by using the matrix equation 

[rf] = [r^(u,0)j (1.5.6) 

Sample problem 1.5.1. 

The generating process of spiral bevel gears is shown in Fig. 1.5.2. 
The tool is a head- cutter with blades mounted in it. Both shapes of a 
blade are straight lines. By rotation about head-cutter axis C the 
straight- lined side of the blade describes a cone surface with vertex angle 
(Fig. 1.5. 3, a). The angular velocity of the head-cutter rotation is 
not related to the kinematics of tooth generation. 

The head cutter is mounted on the cradle of the cutting machine (Fig. 
1.5.2). In the process of cutting the cradle and the to-be-generated 
gear rotate about intersecting axes 0-0 and a-a with angular velocities 
( 0 ^^^ and respectively. The generating surface and the 

generating gear are shown in Fig. 1.5.3. 

The conic surface is represented in coordinate system 
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FIG. 1.5.3 


Generating Surface and Generating Gear 
28 



(Fig. 1.5. 4, a) by the equation 

X = r cot tIj -u cosii^ , 
c c 

y^ = u sini|j^ sin 0, (1.5.7) 

z = u sinijj COS0 . 
c c 

Here: u=(o n] and 0 are surface coordinates, is the angle made 

by the cone generatrix and cone axis and r^ is the mean radius of the head 
cutter measured in plane 

Coordinate systems and are rigidly connected with the gener- 

ating gear. Axis x^^ is the axis of rotation of the generating gear by 
cutting. The location of the head cutter (or of system S^) is defined by 
the distance ^ angle q (Fig. 1.5.4,b and Fig. 1.5.4,c); 

0 is the mean spiral angle; M is the point of intersection of the cone 
surface and axis . 

The coordinate transformation from system to is represented 

by matrix equation 


where (Fig. 1.5.4) 

r 

1 


(1.5,8) 


he] = 


-b sin q 
b cos q 
1 


(1.5.9) 


0 0 

0 cos q -sin q 

0 sin q cos q 

0 0 0 

Equations (1. 5. 7)- (1. 5. 9) yield 

X, = r cot t{j -u cos 

1 c ^c c 

= u sin sin(0-q)-b sin q 
= u simp^cos(0-q)+b cos q. 

Equations (1.5.10) represent the generating surface in coordinate system 
represent the generating gear. 

The surface normal is represented by the equation 

Si = 50- ^ = 


Cl. 5. 10) 
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il 


u simp^cos(9-q) 


•cos \p^ sin ^p^sin(6-q) 


Si 

-u sin ^^sin (9-q) 
sini|;^ cos (9-q) 


= u sin^Tl^ i^ + usinip cosip sin(9-q)j.. + usinJ/y cosi/y cos(9-q)k^ 

C A CO CO •'i^X 

(1.5.11) 

The surface unit normal is represented by the equations (it is assumed that 
u sini/y^ ^0) : 


n^ = sinijy i, + cos tJj sin(9-q)j, + cosily cos(9-q)k^ (1.5.12) 

In the process of cutting the generating gear 1 rotates about axis (of 
coordinate system sp rigidly connected with the frame, while the generated 
gear 2 rotates about axis of the auxiliary coordinate system which 

is rigidly connected with S^(x^,y^,z^ (Fig* 1.5.5). The angular velocities 
0 )^^^ and are related such that 0 is the instantaneous axis of 

~ - p 

rotation is the generatrix of the pitch cone of gear 2). A coordinate 

system $2 (see below) is rigidly connected with gear 2. 

The coordinate transformation is represented by matrix equations 

[rf]=[Mfi] [rj (1.5.12) 

O^p] = tMpp] [rj] (1.5.15) 

[' 2 ] ' [“ 21 J [?2^ (1.5.14) 

According to the drawings of Figs. 1.5. 5-7, the mentioned matrices are 
given by 


[«fi] = 


0 

cos (|>, 
-sin d). 


0 

sin(J)j 
cos 6, 


(1.5.15) 
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FIG 1.5.5 


Positioning of Generating Gear and Generated Gear During Cutting 




[«„J = 


cos(Y 2“'^2^ ® sin(Y2-^2^ hcos(Y2-A2) 

0 10 0 


-sin(Y2-A2) 0 cos(Y 2-'^^2^ -h sin(Y2 -^2^ 

0 0 0 1 


(1.5.16) 


cosc})^ siiK})^ 0 0 

-sin((>2 cos(J)2 0 0 

0 0 10 


(1.5.17) 


1^ 0 0 ^ 

(2" 

Let us define the equation of meshing (1.4.7). The relative velocity v^^ 
is represented by equation 

^ £f Vp ^ ~ X r^ = 

- o)f^^^)X r^ + X = 

i£ if ~f 

•;-(o^^^sin(Y2-^2^'^“^^^ ® cos (Y2-^2^ 


Jf 


0 0 


-w*-^^sin(Y2-^2^ ® cos (Y2"^2^ 


(1.5.17) 


Vectors and are related such that coincides 


with the generatrix of the pitch cone. Consequently (Fig. 1.5.5), 

(2) . (1) A 

0)^ '^sinY2 “ ^ COSA2 
Equations (1.5.17) and (1.5.18) yield 


(1.5.18) 


= co^^^cos(Y 2-^2^ t^fif ^^f'^^Uf] (1.5.19) 

( 21 ) 

It results from equation of meshing (1.4.7) that ^£ * )^£ ~ ® from 


(1.5.19) that 


-y/*fx * =“^2’ "fy ' “ 


(1.5.20) 
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Here LsinA2=h (Fig. 1.5.5), where 1=02M^^^ is the mean length 
of the generatrix of pitch cone. 

Equation (1.5.20) can be obtained another way, on the basis of equation 
(1.4.14), which was represented above by 


Xj-Xj Yj-Xf 


= 0 


'fx 


fy 


(1.5.21) 


Here and are coordinates of an arbitrary point on instantaneous 

axis of rotation - generatrix In the discussed case putting into 

equation (1,5.21) coordinates X^=h, Y^=0 of point 0^ (Fig. 1.5.7), 
equation (1.5.20) will be found. 

Equation (1.5.10) and matrix equation (1.5.12) with matrix (1.5.15) 
yield that 


X „ = r cot -u cos ip 
f c ^c ^c 

y^ = u sin \p^sin(6-q+(pj^) -b sin(q-(j)^) (1.5.22) 

= u sin cos (0-q+(pj) + b cos (q-cp^^) 

Equation (1.5.11) and matrix equation 

["fj = O-fl] ["J (1.S.23) 

yield 

n^^ = sinip^, n^y = cos tp^ sin(0-q+<pj^) , 

Ufz = cos ip^ cos(0-q+4)j) (1.5.24) 

Matrix [Lfi] is a submatrix of J which is found from 
by elimination of the fourth row and fourth column. Projections of and 

of contained in equation (1.5.20) can be substituted by proportional 

fy 

projections of n^. 

Equations (1.5.20), (1.5.22) and (1.5.24) yield 

(r cotip - u cosip +L sin A„) cosip„sin(0-q+(pT ) - 

^C C C L C i 

[u sin ip^sin(0-q+(pj^) - bsin(q-^^)] sinip^= 
f(r cotip +L sin A^)cosip -u] sin(0-q+ip.) + 

•- C C 2 C-* 1 

b sin ip^sin(q-(f)j^) = f (u,6 ,(p^) =0 (1.5.25) 
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Equation (1.5.25) is the equation of meshing. 

Equations (1.5.10) and (1.5.25) represent the set of contact lines 
covering surface Each contact line of the set is defined by fixed 

value of ({) Surface is represented by equations 

^2 " X2(u,0,({)^), y^ = y2(u,0,4>j), = z^(u,e , 

f(u,0,(t)^)=O (1.5.26) 

The first three equations are defined by equations (1.5.10) and matrix 
equality 

= [%] fv] [“fi] h] 


1.6 Relations Between Principal Curvatures and Directions of Two Surfaces 

Being in Meshing 

Generally, equations of the enveloped surface are considerably more com- 
plicated than of the enveloping one. Therefore a direct way to obtain the 
principal curvatures and directions of the enveloped surface is a very hard 
problem. The solution of this problem can be significantly simplified if 
relations between the principal curvatures and directions of two surfaces which 
are in mesh are known. Such relations were worked out first by F. L. 

Litvin. It is necessary to emphasize that the principal curvatures and 
directions of two contacting surfaces are necessary to define the size and 
direction of contact ellipse at the contact point. 

Let us suppose that surfaces and Z^ contact each other at 

point M given in the coordinate system S^ rigidly connected with the 
frame. Principal directions of surface are represented by unit 

vectors ij and i^j and principal curvatures Kj and of E^^ are 

known. At the point of contact the equation of meshing 


If Yf ?f 




( 1 ) 


=0 


Cl. 6.1) 


is satisfied 
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Here: is the surface unit normal; is the relative 

velocity y^^^^(i=l,2) is the transfer velocity of 

a point rigidly connected with surface S.;R_ is a vector-radius drawn 

1 -xt 

from the origin of coordinate system to an arbitrary point of the 
line of action of angular velocity co£^^ ; vector , 

where is the vector represented by equations (1.3.14). 

Equation of meshing (1.6.1) must be observed not only at the point of 


contact M, but in the neighborhood of M, too. Therefore, equation (1.6.1) can 
be differentiated which yields: 

(2) 

It is assmued that const, = const, R = const. Lower 

03^ 

subscript "f" is eliminated for simplification. 

According to results demonstrated in items (1.1) and (1.2) by equations 
(1.1.31) and (1.2.7) it yields that 

A (13 

~ ~ 

Equation (1.1.30) yields 


fCD , ^ Cl) ^ ^ (1) 

...tr ~r 


It results from equations (1.6.2), (1.6.3) and (1.6.4) that 

[a,(13„(l)v(123] .^Cl).v(12).[n(13J123^^^a)j , 

' ' ' ].: ' ' ' '' 


n 


(l>a=(123v(13 

~r 


where 


v(12) = V, (13 - V, (23 

~ ~tr ~tr 

J12) ^ ^(1) _ ^(2) 


(1.6.3) 


(1.6.4) 


(1.6.5) 

( 1 . 6 . 6 ) 

(1.6.7) 


Equations (1.6. 5) -(1.6. 7) yield 


= 0 


( 1 . 6 . 8 ) 
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Two other equations 


C2) (1) (12) 


(1.6.9) 


( 1 . 6 . 10 ) 

were represented before in item (1.1) by equations (1.1.35) and (1.1.36). 
Relations between the principal curvatures and principal directions of 
surfaces and ^2 will be composed on the basis of equations (1.6.8) - 

(1.6.10). Before this, let us recall the following equations from 
differential geometry. The normal curvature of a surface is represented by 
equation 


K 



( 1 . 6 . 11 ) 


Along the principal direction, vectors n^ and v^ are co- linear and 
the principal curvature is represented by equation 

5r-i “ - (1.6.12) 

where i is the unit vector directed along the principal direction. 

Now, let us place two right trihedrons at the contact point M (Fig. 
1.6.1): S^(ij,ij.j,n) and S^(ij ^ i^^,n) Here: are unit vectors 

directed along principal directions of surface ij^j and i^^ are 

unit vectors directed along principal directions of surface ^ 2 ’ 
common unit normal of surfaces and Z 2 . It is assumed that unit vectors 

ij. and i^^j make an angle a (Fig. 1.6.1). Vectors 

V h can be expressed in terms of components of coordinate systems 

-r ’ -r 

and by following equations 


V 


(2) . V i * v<2) 1. 

VIII illl 


riv ~iv 


. C2) _ . (2) . ^ . (2) 

?r " rlll illl riv iiv 


(1.6.13) 

(1.6.14) 

(1.6.15) 

(1.6.16) 
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Vectors ^ and ^ can be expressed in terms of components of 

coordinate system by the following equations 


V = V ^^?^i = V (2) i i , ^ (2). . 

rl ~r rlll ^riv ~iv‘~I 


V .^2) = V ^2). 


C2), 


rll "r * -II ” "^rlllilll'in * \iv iiv’^II 

n ^TTT'^T ■*■ ^ 'ir 

Tj. ~r -I rlll -III -I riv -iv ~I 

• C2) .(2). . . . .f2) . 

Ml ?r- in ■ Miiiiii-iii ■" Mv iiv’iii 


(1.6.17;) 

(1.6.18) 

(1.6.19) 

( 1 . 6 . 20 ) 


Here (Fig. 1.6.1): 

ijjl-il = cosa, i.^ij = - sina, ijjj.ljj=sina, (1.6.21) 

Equations (1.6. 17)-(1.6.21) yield 


(2) (2) (2) . 

= %III 


( 2 ) ( 2 ) . ( 2 ) 

= V sma+ v > ''cosO 


rll 


rlll 


n^2) = C2) 

rl rlll 


riv 
riv 


• ( 2 ) . ( 2 ) . . ( 2 ) 
n^TT = n TTT sina+ n : ^coso 
rll rlll riv 


( 1 . 6 . 22 ) 

(1.6. 22, a) 

(1.6.23) 

(1.6.24) 


Equations (1 . 6. 8) - (1 . 6 . 10) , (1.6.12) and (1 . 6 . 22) - (1 . 6 . 24) yield the 

following system of 9 linear equations in 8 unknowns v^^^ v^^^ 

,(1) ,(1, „U) ,(2) ,(2) ,(2). 

rl ’ rll ' rlll’ Mv’ "rlll’ Mv* 

. (1) (12)^ . (1) (12) (1) r (12) (1). 1 (1) r (12) (1). 

”rl ”rll ^II " ^rl - ilj " '^rll L~ - t- 


V W eosa- v(2)slno- v = v 
rlll riv 


( 2 ) . ( 2 ) 

V ttt sina+ v'-.''coso- v 
rlll nv 


rl I 

(1) = ^ (12) 
rll II 


nrjfJ’slncrt A^^’cos 0 - jjJ 


(1.6.25) 

(1.6.26) 

(1.6.27) 

(1.6.28) 
(1.6.29) 
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(1,6,30) 


+ K V = 0 
rl I rl 


n t?’ * t}) = 0 

rll II rll 


n + KyjyV = 0 
rlll III rlll 

• ( 2 ) ( 2 ) 

nr^+K. v^. =0 

riv IV riv 


(1.6.31) 

(1.6.32) 

(1.6.33) 


Here: and '^III principal curvatures of surfaces 

and ^2 contact point M. 

After eliminating 6 unknowns a system of 3 linear equations in two 

unknowns x, = v x„ = v can be got: 

1 rl 2 rll ^ 

^11=^1 * ^2^2 ' h 


^21*1 * *22^2 ’’2 


Cl. 6. 34) 


* ^32=‘2 = ‘’S 


Here : 


11 


* 1/2 [(Kiu - <.^) - C<II 1 - K.^)cos2o]; 




^12 = ^21 = ^/^ (<III - ^iv)sin2a| ; 


>] = 


a^2 = - - 1/2 


(1) (12). 


(K,..rT + K- ) - (l^TTT “ )cos2a 
^ III IV-^ ^ III IV^ 




- ^I^I 


■t 

. ■ [ 


32 

b, = 

( 12 ) 


■^II^II 


(KT-.rT + ) + (i<TTT - )cos2a 

^ III iv-^ ^ III iv-^ 


]- 


II 


(Kttt “ <■ )sin 2 a 
^ III iv^ 


^2 = 


r ( 1 ) ( 12 ). 1 
" [? “ illj ~ - 


( 12 ) 


(Kttt ■ ^ • )sin 2 a- 
^ III IV"^ 


(12) 


II 


[ (K.TTT + K- )-(k^ttt - <• )cos2a 

'' III IV'' III IV'' J 
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The number of equations (1.6.34) is not equal to the number of unknowns. 
Therefore, requirements to this system by which the system will have a 
solution must be discussed. 

Let us consider two cases: (a) the instantaneous contact of surfaces 

and a linear- contact; (b) the instantaneous contact of surfaces 

is a point contact. 

In the first case surface is covered with instantaneous contact 


lines (Fig. 1.6. 2, a) and the direction of v^ 


(1) 


from point M to the 
neighboring one is an indefinite one and the system (1.6.34) must have an 


infinite number of solutions. In the second case contact points makes on 
surface a line (Fig. 1.6.2,b), the direction of to the neigh- 

boring point is a definite one, and the system (1.6.34) must possess one 
solution. 

It is known from linear algebra that system (1.6.34) possesses an 
infinite number of solutions if the rank of matrix 

(1.6.35) 



1 

^12 


^21 

^22 


^31 

^32 

equal to one 


That 

yields 



!n ^ 

^12 


^21 

^22 


^2^ 


^21 ^ ^ ^ ^ 
^31 ^32 ^3 


(1.6.36) 


Taking into account that = a^^ equalities (1.6.36) can be repre- 

sented as: 


fll = 

^21 ^22 


^21 ^2 


^31 ^1 


32 


^2* 


(1.6.37) 


(1.6.38) 


‘31 
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The system of equalities (1-6.37) provides only two independent 


equations because 


°1 31 I ®11 ^II 12’ °2 32 I ®12 II 22 


Equality (1.6.38) and 


^11 . ^12 ^ ^ 
^21 ^22 ^32 


provide three equations for definition of 


tan 2 a = 


2F 


Kj-Kji + G 


+ K. = Kt + Ktt + S 
III IV I II 


Kttt “ K- 

III IV 


Ki-Kii + G 
cos 2 a 


Here: 


F = 


G = 


S = 


^31^32 


^^3 ^I 31 ^II ^32 


2 2 
^31 " ^32 


t. (12) (12) 

^ " ^I ^31 " ^II ^32 


2 2 
^31 ^32 


a- (12) ^ (12) 

^3 ■" ^I ^31 ^II ^32 


(1.6.39) 

(1.6.40) 

(1.6.41) 

(1.6.42) 


For the case when surfaces and are in point contact and the sys- 

tem (1.6.34) possesses one solution the rank of matrix (1.6.35) must be equal 
to two. That yields that the determinant of matrix (1.6.35) must be equal 
to zero. Consequently, 


hi 

h2 

‘-I 



hi 

h2 

”2 

= 0 

(1.6.43) 

hi 

h2 

•’3 




Equality (1.6.43) provides an equation 
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Cl. 6. 44) 


£(Ki,Kji,iCiii,k^v>^^ = 0 
which relates the principal curvatures and directions of two surfaces in 
point contact. 

Sample problem 1.6.1. Let us compose equations to define principal curvatures 
and directions of a spiral bevel gear generated by a cone surface [sample 
problem 1.5.1). The generating surface is represented by equation 

(1.5.22) . 

The relative velocity is represented by the following equations 


8u dt ^ 30 dt 


[v“] ■ 


9/4 


9/4 


f ^ f d6 

3u dt ^ 36 dt 


^^f du ^^f de 


3u dt 30 dt 


(1.6.45) 


Equation (1.5.22) and equality (1.6.45) yield 


, du 
-cos 4^ -J- 
, c dt 


du 


d0 


sinij;^ sin(6-q+(j)^) -^ + u sin i^^cos (0-q+(J)j^) ^ 

H d.0 

sini|;^ cos(0-q+(J)^) u simjj^sin(0-q+(j)^) J 


(1.6.46) 


The unit normal of generating surface was represented by equations (1.5.24). 
It results from (1.5.24) that 

0 


'n , 

_ r 


d0 


cos cos (0-q+4)^) 


I ■ ra A 

-cos sin(0-q+c})^) ^ 


(1.6.47) 


Vectors (1.6.46) and (1.6.47) are co- linear for principal directions of 


surface Consequently, 
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(1.6.48) 


.( 1 ) .( 1 ) .( 1 ) 

xr _ yr zr 

^( 1 ) = ^( 1 ) = ^( 1 ) 

xr yr zr 

Equalities (1.6.46) - (1.6.48) yield that 

du d6 _ - 
dt dt " ^ 

One o£ the principal directions with unit vector i^ 

du _ „ The principal curvature 
dt ~ 

A CD 


■"i ° ■ ;;or 

yr 


zr 


(1) u taml^ 
v'- '' t'c 

zr 


The unit vector i^. can be represented by equation 

( 1 ) 


il = 


(1) 


du 

by 3 - = 0 


Equations (1.6.46) and (1.6.51)' yield 
0 




cos(0-q+(j)j) 

-sin(9-q+(f)j^) 


d0 


The second principal direction corresponds to = 0 


curvature is 

K 


II 


= 0 


and the unit vector of the principal direction is 

-cos ijj 


[^n] 


s in s in (0 -q+cj) j^) 


l^sin ij;^ cos (9-q+(}) ^^) 

r 1 *) 

A case is suggested when = 0, 1^^'» Then: 


.C2) _ 


sin Y. 


(1.6.49) 
corresponds to 

(1.6.50) 

(1.6.51) 

(1.6.52) 

The principal 

(1.6.53) 

(1.6.54) 
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where (x,y,z) are represented by equations (1.5.223, the lower subscript "f" 

is eliminated. Equations (1.6. 40) -(1.6. 42) define principal curvatures and 

directions of tooth surface of the generated gear. 

Let us define principal curvatures and directions at the mean contact 

point M with coordinates x=y=0, z=L. It results from equations (1.5.22) 

and (1.5.24) that point M is generated by 0-q=9O°-3. By x=0, y=0 

f 12') 

vector v^ ^ is equal to zero. Coefficients a^^^, a^ 2 > F and S are 
represented by equations: 

^31 “ ~ sin sin 3 cot Y 2 (1.6.^5) 

Here: 
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Cl. 6. 56) 




= cos 3 cot y. 


Here: 


[^ii] 


-cos Ip 


sinil^ cos 3 

sin Ip sin 3 
c 


- ~ ~tr J ~ ~tr J 


Here: 




“ \r I “ Lsinip^cotY2 




r- , " 


- 


1 

If If 


0 


-1 

-100 

= 

L 

^ [■“’] ■ 

0 

1 

0 

0 

-» 


0 


cotY2_ 


2F = 


G = 


S = 


2a^j^a^2 sin 2 3 cot Y 2 



^3 

2 

^31 

2 

^32 


^3 

2 

+ ^2 

^31 

^32 


2 2 2 
(sin ^^sin 3 - cos 3)cotY2 

L sin ip 


. 2 


Lsinip^ 

Equation (1.6.50) yields that at point M 

- cos Ip 


K ^ ^ ■ 

I u tan ip 


(1 


(1 


(1 


(1 


(1 


c c 

It results from equations (1.6.40)-(1.6.42) and (1.6.57) -(1.6. 59) 
2F 


tan 2 0 = 


Ki - K„ ^ G 


.6.56«a) 


.6.57) 

.6.58) 

.6.59) 

.6.60) 

that 
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Cl. 6. 61) 


sin 2 3 cot Y 2 

2 2 2 

. (sin ijj sin 3 - cos 3)coty^ 

t I C 

cos Tfj + : 1 ■ 

r siniLi 

c ^ c 


KttT + •<• = Kt + K-r-r + S = 

III IV I II 


2 2 2 

cos (sin i|J^sin 3 + cos 3)cotY2 

r Lsinijj 


(1.6.62) 


Kttt - 

III IV 


*^1 - ^II ^ ° 
cos 2 a 


2 2 2 

cos (sin ij^^sin 3 - cos 3)cotY2 

r Lsini|^^ 


(1.6.63) 


cos 2 a 

Equations (1.6.61)-(1.6.63) define the principal curvatures and directions 

of the generated surface of spiral bevel gear at the main contact point M. 

These equations may be applied for bevel gears with straight teeth, too, 

For this case 3=0, — =0, k^. = =0 because the generating surface is a 

c 

plane. Equations (1.6.61)-(1.6.63) yield 


tan 2 a = 0, = 0, 


L sin Ip 
^c 


(1.6.64) 


1.7, Contact Ellipse 

The bearing contact of spiral bevel and hypoid gears is checked on a 
test-machine under a small load. The bearing contact depends on the con- 
tact ellipse of tooth surfaces which are considered as elastic ones. 

There is a typical problem in the theory of elasticity: (a) the magni- 

tudes of contact forces and mechanical properties of surface materials are 
given; (b) the principal curvatures and directions of surfaces at their 
contact point are known. Methods known from the theory of elasticity permit 
to define the approach of surfaces, the size and location of contact ellipse. 
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To appraise conditions of tooth contact it is more reasonable to 
consider as given the approach of surfaces under the action of load. Then, 
the size and location of instantaneous contact ellipse can be defined as a 
result of a simple geometric solution. The magnitude of surface approach 
is knovm from experiments. 

Fig. 1.7.1 shows surfaces and in tangency at point M. The 

unit normal and the tangent plane are designated by n and t-t. The 

deformed surfaces are shown by dotted lines. The areas of deformation are 

K^M for surface E^ and K2M L2 for surface E2* 

fl1 C2') 

Let us choose points N(p,£^ ■^) and N'(p,i2- ) where p is the 

distance from M and (i=l,2) is the distance from the tangent plane. 

As a result of deformation, body 1 will be displaced in a direction opposite 
the unit normal n by 6^ (Fig. 1.7.1, Fig. 1.7.2); body 2 will be dis- 
placed in the opposite direction by 62- The approach of both bodies is 

5 = 6^. « 2 - 

The approach of bodies is accompanied with their elastic deformation. 

It is necessary to distinguish the displacement of a body point with the 
body given by 6^ (i=l,2), and a displacement relative to the body resulting 

from elastic deformation. 

Let us define the new location N2 of point N. With the body point 
1 will displace by <5^^ and get the position N^. Due to elastic deformation 
which is equal to f^ point N will be displaced from to N2- The 

distance Z between point N2 and the tangent plane t-t is represented 
by the following equation 

Z = - «1 * L 

The resulting position of point N of body 2 is N2. The distance 
Z between point N'2 and the tangent plane t-t is represented by equation 
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Fig. 1.7 1 

Surfaces and in Tangency - Before and After Deformation 
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Due to the approach o£ bodies and their deformation, points N and N' 
must coincide and 

. 6 ^ + £^ = ^2 "^2 (1.7.3) 

Equality (1.7.3) yields 

_ j^( 2 )j = ( 1 . 7 . 4 ) 

Equation (1.7.4) is observed at all points of the area of deformation. 
Without this area 

(1) _ ^( 2 ) > S = 6^ + 6^ (1.7.5) 

The right part of equation (1.7.4) is larger than zero because 6 ^>f^, 

62 >f 2 * Therefore the left part of equation (1.7.4) represents the absolute 

fl") ( 2 ) 

magnitude of the difference between and 

Within the area of deformation 

^(1) _ j^(2) < 5 (1.7.6) 

Equation 

^( 1 ) _ j^( 2 ) ^ g ( 1 . 7 . 7 ) 

corresponds to the edge of deformation area. Equation (1.7.7) defines the 
line which limits the area of deformation. 

Let us correlate with surface curvatures. Surface is 

represented by equation 

r = r(u,0) (1.7.8) 

Curve mm' (Fig. 1.7.3) on a surface Z is represented by equation 
r = r[u(s), 0 (s)] , (1.7.9) 

where s is the length of an arc. 

Let us designate by A s = nS' the arc length and by A r the increment 
of vector-radius r. The increment A r can be expressed by Taylor-Series 
Expansion. 
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Fig. 1.7 3 

Tooth Surface and Tangent Plane 
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ds 


where 


dr d^r 2 d^r ..^..3 

MM- = Ar= 3 ?- As+ 

ds ds 


dr 8r 


(1.7.10) 


9u30 ds ds 


d6 

d^r 

a^r 

36 ds ’ 

ds^ 

3u' 

3^r 



39^ ^ 

ids) 



and so on 


Let ns draw a plane IT tangent to the surface Z at point M and then 
draw from point M' a perpendicular M'P to II. Vector PM’ which is 
parallel to surface unit normal n represents the deflexion of point M' 
from the tangent plane II. This deflexion is 

= Hn (1.7.11) 

Here: £>0 if directions of PM' and n coincide. 

Equalities 

= A r , MM' = Kff + PM' = MP + lin 

yield 


dr d^t .. .2 d\ . ,3 
MP + Hn = gjAs + ~ 

ds ds 

dr 


(1.7.12) 


Because vectors MP and n, and n make right angles the scalar 

product 

(Fff + £n) .n (1.7.13) 

yields 


. £|.„ . .... 

*■ , 2 ~ 2i .3-31 

ds ds 


(1.7.14) 


Up to members of third order Z is represented by the equation 




ds 


2 “ 1.2 


(1.7.15) 
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It is known from differential geometry that 
d r 

y.n “ K, 
ds ~ 

where k is the surface curvature in noinnal section. 
Equations (1.7.15) and (1.7.16) yield 



(1.7.16) 


(1.7.17) 


Let us express As in teinns of components of the coordinate system 
q, C and Z (Fig. 1.7.3); axes q and C are located on the tangent plane 

n. 

2 2 2 2 

As^ = + C = P , (1.7.18) 

where p = MP. 


It results from (1.7.17) and (1.7.18) that 

Z = 1/2 K (1.7.19) 

Tlie surface normal curvature can be expressed by principal curvatures 
and angle q (Fig. 1.7.3) made by MD and MP, where MD is the principal 
direction with principal curvature Kj 


Equations 


2 2 2 
K = Kjcos q + KjSin q = k^cos (u-o) + 

KjjSin^(U-o) 

(1.7.19) and (1:7.20) yield 


2Z = p 


KjCOS 


(y-a) + K 


II 


sin (y 


-a) 


(1.7.20) 


(1.7.21) 


Figure 1.7.4 shows a plane tangent to surfaces and 

M of their contact; and MD2 with unit vectors i^^^ and 

principal directions of Z^^ and Z^ with principal curvatures 
( 2 ) 

Kj , MP defines a common normal section of surfaces and 

tions of points of surfaces Z^ and Z^ from the tangent plane 
1.7.3) are represented by equations 

2£^^^ = p^|jc^^^cos^(y - sin^ ^y - 


at point 


I 

■ CD 


are 

and 

Deflec- 


' 2 * 

T (Fig. 


( 1 . 7 . 22 ) 
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(1.7.2Z) 


At the edge of the area of deformation equation (1.7,7) must be held. 
Equations (1.7.22), (1.7.23) and (1.7.7) yield 

Kracos^CP-af'^) 

-K^j^sin^CP-a^'^b] = ^ 26 (1-2. 24) 

Let us transform equation (1.7.24) taking into account that 


2 2 ^2 r| . C 

p = n + C , cos y = siny= 


(1.7.25) 

K 

It results from (1.7.24) and (1.7.25) that 

2, (1) 2 (1) (1) . 2 Cl) (2) 2 (2) (2) . 2 (2), 

n (Kj -^cos a + Kjj-^sin a'- cos a - K^j'^sin "^) + 

2 , (1) . 2 (1) (1) 2 (1) (2) . 2 (2) (2) 2 (2). 

C (Kj "^sin a + Kjj^^cos -Kj sin a - k^j-^cos a ) + 


q^(g^sin 2 a*-^^ - g2sin 


= + 26, 


(1.7.26) 


where 


Si = Kj 


CD _ kCD . = kCD 

<11 . Kj 


.( 2 ) 

II 


Let us designate aC^^ - = a (Fig. 1.7.4). The angle defining the 

location of - the principal direction with principal curvature K^. - 
can be chosen in an arbitrary way, particularly the way that 


gj^sin 2aC^^ - g^sin 2aC^^ = 0 


Equation (1.7.27) and equation 

aCD = ocCD . a 


yield 


tan 2 a 


( 1 ) _ 


g^sin 2 a 
- g^cos 2 o 


(1.7.27) 


(1.7.28) 


(1.7.29) 


It results from equations (1.7.26) and (1.7.27) that 


+ AC^ = + 6 


(1.7.30) 
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Here: 


where 


* ' - 2gjg2Cos2a + g^)**] 

B = i 4^^* *-®l ' 2gj^g2Cos2o + 


Cl) . ,,C1).^(1) .(2) . ^(2)^ (2) 

- ~ '^I *^11 


(1.7.31] 

(1.7.32) 


e 1 ii' e 

Equation (1.7.30) confirms that the projection of the area of deformation 
on the tangent plane is an ellipse with lengths of major and minor axes of 
2a and 2b (Fig. 1.7.5), where 


a = 



b = ^ 



(1.7.33) 


Equations (1.7.29), (1.7.30)-(1.7.33) define the size and direction of 
contact ellipse with known values of 6 and principal curvatures of surfaces. 

Sample problem 1.7.1. Surfaces of spiral bevel gears being in point 
contact are considered. There are given: 

= 0.004122047, -0.000292913, 

= -0.001513779, = -0.000279921, 

.( 1 ) 


and is equal 


the angle a made by principal directions with 
to 12.47°. The approach of surfaces 6 = 000787401. It is necessary to 
define the size and direction of contact ellipse. 

Equations (1.7.29) and (1.7.31-1.7.33) yield 


= - 7.95°, a = 0.539370078, b = 0.035826771 


( 1 ) 


( 1 ) 


angle is made by axis Op and principal direction with curvature Kj 

By positive value of this angle is counted from axis On counter-clock- 

wise. (Fig. 1.7.4). 
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2. GEOMETRY OF SPIRAL BEVEL GEARS 


2 . 1 Introduction 

Spiral bevel gears which are used in practice are normally generated with 
approximately conjugated tooth surfaces by using special machines and tool 
settings. The geometry of spiral bevel gears is not defined until these 
special settings are calculated; and the geometry of spiral bevel gears with 
all machine and tool settings is a very complicated one. 

There are some important reasons why simplified mathematical models 
of the geometry of spiral bevel gears must be developed. These models can 
be applied as a basis for designers and researchers to solve the Herzian 
contact stress problem and define dynamic capacity and contact fatigue life, 
to develop the theory of lubrication of tooth surfaces. Dynamic load capacity 
and surface fatigue life v/as considered by J. Coy, D. P. Townsend, and E. 
Zaretzky for spur and helical gears [ 1 ] . The proposed geometric models 
of spiral bevel gears will enable researchers to extend this work to these 
gears, too. 

The offered models of the geometry of spiral bevel gears are based on 
an assumption that tooth surfaces are conjugated ones. The aim to use 
special machine settings is dictated by the attempt to generate conjugated 
surfaces. Therefore the mentioned assumption is not in contradiction with 
the practice. 

The basic idea of generation of conjugated surfaces of spiral bevel 
gears is grounded on the following principles: 

fl) Two generating surfaces E and E are considered being in 

F K 

tangency along a line. 

(2) Surfaces E_ and E, are rigidly connected with each other in the 
F k 

process of an imaginary generation of surfaces E^^ and E^ of the pinion 
and the member gear. It is supposed that surface Ep generates surface E^ 
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of pinion teeth and surface generates surface of member-gear teeth. 

C3) There are three axes of instantaneous rotation which correspond: 

(a) to the meshing of Z„ and Z in the process of generation of Z, ; 

r 1 1 

(b) to the meshing of Z^ and Z^ in the process of generation of 

(c) to the meshing of surfaces Z^ and Z^. All three mentioned axes of 
rotation must coincide with each other. 

(4) The contact of tooth surfaces Z^ and Z^ is localized because 
generating surfaces Zp and Z^^ does not coincide with each other (they have 
a common line only) . 

There are two kinds of bearing contact of spiral bevel gears applied 
in practice. Tlie first one sorresponds to the motion of the contact ellipse 
across the tooth (Fig. 2. 1.1, a), the second one to the motion along the tooth 
(Fig. 2.1.1,b). Accordingly, two mathematical models of the geometry of 
spiral bevel gears corresponding to the mentioned cases will be proposed. 

2.2. Geometry I: The Line of Action 

Generating surfaces Z and Z, are two cone surfaces (Fig. 2.2.1) 
which are in tangency along the generatrix AB. 

Let us imagine that generating surfaces being rigidly connected with 
each other rotate about axis x^ (Fig. 2.2.2) with angular velocity 
(d - F,k) while gears 1 and 2 rotate about axes Oa and Ob with angular 
velocities and . Axis is the instantaneous axis of rotation 

because angular velocities and are related by the follow- 

ing equations 


where 


where 


(Id) 

= 


s'” 


.(<13 



(12) (Id) 

(Jj'- = 0)^ ^ 


( 2 . 2 . 1 ) 


( 2 . 2 . 2 ) 
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(a) 



(b) 


Fig. 2.1. 1 

Two Types of Bearing Contacts 
63 
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are represented by the following equations 


fl) 

Vectors co^ , 

(d) 
co^ ■' 


~ 


= 0) 


= - 

..(2) _ 

(JO 


where Y^^ and 

^2 


if 


are pitch cone angles. 
Equations (2. 2 . 1) - (2 . 2 . 5) yield 

.(d) 


0) 


( 1 ) _ 


sin 


(2.2.3) 

(2.2.4) 

(2.2.5) 


( 2 . 2 . 6 ) 


(2) (1) 

0)'- = (jj'' ^ 


CO 


(d) 


sinY2 


(2.2.7) 


The generating surface ^^(d = F,k) can be represented by equations 
which are analogical to (1.5.22) 

(d) ^ , 

x); = r.cotuj - u.cosip 

f d ^c d ^c 

y^*^^ = u.sinii; sinx,- bjSin(qj - cj),) (2.2.8) 

f d c d d d d-^ 

= u.sinilJ COST, + b,cos(q, - (J),) , 
r a c a a a a 

where T, = 9„-q. + d), 
d d ^d d 

Here: (’^d’^d^ generating surface coordinates, is the angle of 

rotation about axis x^; is the shape angle of head-cutter blades; ’^d’^d 
and q^ are parameters of tool settings (Fig. 1.5.4). 

The surface normal is represented by equations 


9r_ 9r_ 

~£ 96 ^ 9u 
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if 

!!i 

89 86 

8y^ 

8u 89y 

u^sinijj^ (sirul^^ + cos sin j ^ + cos cos k^) , (2.2.9] 

where t, = 9, - q, + d>, 
a d d 

The surface unit normal is represented by equation 



sinijj ij- + cos i1j sinT.j^ + cos Ui cos x , 

^c~f c dif c d ~f 

(by u^sinijj^ ^ 0) (2.2.10) 

To define the line of action of gears 1 and 2 let us imagine that all 

four surfaces - Ep,Z^,Z^ and - are in meshing. Surfaces Zp and Zj^ 

are rigidly connected with each other and are in tangency along the generatrix 

AB (Fig. 2.2.1). Surfaces Z and Z are in linear contact and lines of 

r i 

instantaneous contact cover these surfaces . The same statement is true for 
surfaces Z^ and Z^. Fig. 2.2.3 shows surface = F,k) covered with 

instantaneous contact lines; the location of contact lines on the surface 
depends on the angle ({)^ of rotation. 

Surfaces Z^ and can be in point-contact only. Contact points 

of these surfaces move along the common generatrix AB (Fig. 2.2.3, Fig. 2.2.1) 
while all four surfaces - Zp,Zj^,Zj^ and Z^ - are in meshing. The line 
of action of surfaces Z^^ and is the locus of contact points represented 

in coordinate system S^ by equations 

rf"*’ = (2.2.11) 


if 


8Xj 

W 

8x^ 

8u 
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CONTACT LINES 


Fig. 2. 2. 3 

Instantaneous Contact Lines on Generating Surface 
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( 2 . 2 . 12 ) 


nCf)vCfi) ^ = 0 

^(k)v(k2) ^ f (u e * ) , 0 


(2.2.13) 


Equation (2.2.11) was represented in terms of components 


(d) 


by equations (2.2.8). The surface normal and unit normal n 


“f 


were represented by equations (2.2.9) and (2.2.10). 


Vector V, 


(FI) 


is represented by equation 






~f 

if 

Yf 


(Fl) 

fy 

(Fl) 

^fz 

(2.2.14) 

Xp 

>^f 

"f 



Equations (2.2.1), (2.2.3) and (2.2.4) yield that by d = F 

= 03*^^^- 0)^^^ = - w^^^cosY^k^ = - 03^^^cotYjk^ (2.2.15) 
It results from equations (2.2.8), (2.2.9), (2.2.14) and (2.2.15) that 


oj^ -^cot Yj '^c ^ ^F ~ 

bpSin \jj^ sin(qp - =0, (2,2.16) 

Where Tp = 0p -qp + (j)p. 

Equation (2.2.16) yields that 

(Up- rpcot cos 4^^) sin(0p- qp + 4>p) - 

bpSin^)^ sin(qp- cpp) = 0 (2.2.17) 

Similarly, equation (2.2.13) can be expressed as 
(Uj^- r^cot ip^ cos4*^ )sin(0^- q^ + (p^) - 

bj^sinipc sin(qk~ 4*^) =0 (2.2.18) 


69 


At contact points o£ surfaces and E^ the following equations must 


be observed 


Xf = r^COt -Uj^COS = TpCOt -UpCOS 


(2.2.19) 


7f = Uj^sinijj^ sin - b^^sinCq^^- (j)^ 


UpSinil^^ sinTp - bpSin(qp- (f)p) 


( 2 . 2 . 20 ) 




UpSinil^c cosTp + bpCos(qp- (j)p) 


( 2 . 2 . 21 ) 


Here: = 0^- q^ + (j)^(d=F,k) 

Parameters u^,x^(d=F,k) are related by equations (2.2.17) and (2.2.18); 
0k= ^p because generating surfaces E^ and Ep are rigidly connected and 
rotate with the same angular velocity. 

After elimination of u^ and Up the system of equations (2.2.17)- 
(2.2.21) yields a system of two equations 


sin (q - <(>^) sinCqp - <t>^) 

r, - b, : = r„ - b„ ; — z 

k k sinx, F F sinx„ 

k F 


( 2 . 2 . 22 ) 


k - ♦d’ 2 


b, — = — = — + - 

k sin T, k 

k 


cos ip cos T, = 

C K 


F bpSin(qp - <!>^) 2 


F sinT„ F 

F 


cos tI; cos T„ 
^c F 


(2.2.23) 


These equations will be observed for all values of (j)^ if machine sett- 


ings will satisfy the following equations 


“ ~ ~ ^ ®1c bpSin 0p , 


F’ ‘"k- 


b, sin q. b„sin q„ 

k k _ F ^F 

^k cos 3 F cos 3 * 

where 3 = 90° - (0j^ - q^^) = 90° - (0p - qp) 


(2.2.24) 
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The geometrical interpretation of equations (2.2.24) is represented by Fig. 
2.2.4. 


The line of action of surfaces and is represented by equations 

r - 4'^, 


= r, - b 


sin T 


sin cos ib , 
c ^c 


sin 

^f "" tan ip~ 


(2.2.25) 


b .sin 0 j cos x , 

d ^ ^ 

^f ^ sinXj tan ijj ^f’ 
d c 

where 

■"d " ®d ■ ‘•d * '*’d’ '* ° ° '•’f 

Equations (2.2.25) represent coordinates of the line of action as functions 

Xf(4>^), y£C<J>(i)» Z£((l>jj). 

2.3. Geometry I: Contact Point Path on Surface E^(i=l,2) 

Contact point path on surface E^(i=l,2) is a locus of points of con- 
tact represented in coordinate system E^ rigidly connected with gear i. 

Fig. 2.3.1 shows coordinate systems and rigidly connected with 

the frame and system rigidly connected with gear 1. The coordinate 

transformation by transition from to is represented by matrix 

equation (Fig. 2.3.1) 


fi] = [bh] f-hf] = 


cos (}) ^ sin 0 


cos 0 siny^ 



-sin (|) cos (J)^ Q 


0 10 



1 

o 

o 
1— ‘ 

1 


-siny^ 0 cos y^ 
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Of B = b|^ tin - bp sin^P 


Fig. 2. 2. 4 

Parameters of Machine Settings 
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cos (|)^cos 


sin (p. 
cos <j>. 


cos sin Yj 

-sin sin Yj^ 


cos Y 


1 



XfOf>d^ 


y^C^d) 

J 

L 


-sin (j)^cos Yj 
-sin Yj 

x^((j)^)cos (t>^ cos Yj + y^(c{)^)sin (f)j^ + cos sin y^ 

sin (|)^ cos Yj + yf((}J^)cos 4)^ - z^C<|)jj)sin c})^ sin y^ C2.3.1) 
-x^(4)^)sin Yj + z^((})^)cos Yj 

Here: x^((j)^) , ^^e functions represented by equations 

(2.2.25). The angle of rotation 4)^^ of gear 1 and the angle of rotation of 
generating gear are related by the equation which is analogous to 
equation (2.2.6) 


<Pi = 

^1 sinYi 


(2.3.2) 


Fig. 2.3.2 shows coordinate systems and rigidly connected 

with the frame and coordinate system rigidly connected with gear 2. The 
coordinate transformation is represented by matrix equality 


[=" 2 ] ' [Sp] p-pf] [’^f] 


cos 


sin 4>. 


-sin 


cos (p. 


cos Y- 

A 

0 

sin 


-sin Y.^ 
0 

cos Y- 



■Xf(^.d) 




_2fC<l>d)_ 


x^(4)^)cos 4>2 cos Y 2 - y£(4>^) sin 4>2 ' z^(4)^) cos 4>2 sin Y 2 
X^(4>^)sin 4>2 cos Y 2 + y£(4>^)cos4’2 - z^(4)^)sin 4>2 sin Y 2 


^£(4>^)sin Y 2 + ^2 


(2.3.3) 


where 


sin Y. 


(2.3.4) 


Matrix equality (2.3.3) and equations (2.2.25) and (2.3.4) represent 
contact point path on the surface of gear 2. 


the 
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Fig. 2.3.2 

Coordinate Systems Associated with Gear 2 
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2.4 Geometry I: The Instantaneous Contact Ellipse 

The size and direction of the instantaneous contact ellipse may be 
obtained by the equations given in Items 1.6 and 1.7. 

The solution of this problem can be divided into three stages: (1) the 

determination of principal curvatures of surfaces and (2J the 

determination of the principal directions of surfaces Z^^ and of and 

C3) the determination of contact ellipse. 

Principle Curvatures and Directions of Surface Z ^^ 

Surface Z^^ is generated by cone surface Zp. Principal directions 

and curvatures of Z are represented by the following equations (see sample 
r 

problem 1.6.1): 




0 


0 



30 


cos T„ 
F 


sin(3 - 



^rf 




30 


-sin T„ 
F 


-cos(3 - 



(F)_ 1 

F C 


COS(g - (})p) 

bpSin tan sin(qp - (j)p)+ rpCos cos (3 - 



3r 


-cos ijj 
^c 


-cos tIj 

c 

• 


3u 


siniiJ sin T„ 
^c F 


sin cos (3 

- <(>p) 

hi - 

3r 




3u 


sin iJ; cos x_ 
_ ^c F 


sin \fj^ sin(3 

- v_ 


(2.4.2) 


(2.4.3) 


= 0 (2.4.4) 

The principal curvatures and directions of Z^ are represented by equations 
analogical to equations (1.6.40) -(1. 6. 42) 


tan 2 a 


( 1 ) ^ 


2p(l) 


(2.4.5) 
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(2.4.6) 




(1) (1) _ ^1 

I " II " .^^^(1) 


(2.4.7) 


cos 2 a 


Here: and 3-^6 principal curvatures of surface is the 

angle made by the directions of principal curvatures and . Co- 
efficients and are functions of c|)„ and represented by 

r 

equations 


.( 1 ) _ 


^31^32 


b +V^^^^a +V™a 
‘'3 ''l ^31 '^II ^32 


2 2 

,( 1 ) _ ^51 ' ^52 

^3 '^I ^31 '^II ^32 


CD _ 


2^2 
^31 ^32 

°5 31 ^II 32 


31 


32 


- f,"'”?""!!”] - >r’'i' 
■ [i®!"";'.'] - 4>«s: 


(FD 

(FI) 


ID. 




[.■'>] ■ 


sin ij; 


cos cos(3 - <t)p) 

l^cos sin(3 - <j)p)J 




0 

0 

(F) 

-0)^ -'cotYj^ 


(2.4.8) 

(2.4.9) 

(2.4.10) 

(2.4.11) 

(2.4.12) 

(2.4.13) 

(2.4.14) 


(2.4.15) 
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fFll 

To simplify equations for ^ and a^^ let us note that 

cos 3 


sinqp 


sin (})pC0s(3 - 4>p) 


F sinqp 


; TpCosCa - (j)p) - bpSinCqp - <J)p) 

; bpsini|;^tan^|;^sin(qp - (f)p) 


rpCOsip^cos(3 - (f)p) = Tp 


cos 3 sin(qp - (i>p) + cos ij^^sin ijJpCOs (3 
sin q„cos ib 

c 


After that can be represented by the following equation 




CF') 

0 )^ ■'cot Y-, cos sin d)„ 
1 c F 

sin qp 


fcosCB - (j)p)cos 
-sin ip 


(2.4. 


Vectors ij^^ and i^^ were represented by equations (2.4.1) and (2. 
Equations (2.4. 11)- (2- 4. 16) , (2.4.1) and (2.4.3) yield 


a^^^ = oi^^^cot 4^^sin(3 - 4>p) 


cos 3 sin(qp - (f)p) 


cos 3 sin(qp - c{)p) + sin (f)pCOs i|;^cos(3 - ({)p) 


,C1) _ „.(F) 
32 


a;^' = 0 )' ' cot y^cos( 3 ~ 4^p) 


b^^^=- L (w^^^)^cot Yj cos 3 sini|;^ 


cos (3 - (fJp) 


= - r„(co^^^cot YiSin ip cos 4; )cos 3 

V^ol 1* c ^ 


(2.4, 

(2.4, 

(2.4, 


sin (j)pSin(3 - 4>p) sin (qp - 4>p) 


sin qp ^ sin(qp - c|)p) + cos^i|;^sin <f)pCOs (3 - (|5p)J 


(2.4 


~ Hp^ 


16) 

4.3). 

17) 

18) 

19) 

20) 
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V 


II 32 


- Tp to^^^cot YiCOs(3 - (iip) sin (j)pCos T/J^ (2.4.21) 

sin qp 

Equations (2.4.2), (2. 4.5)-(2.4. 10) and (2. 4. 17) - (2.4 . 21) represent the 
principal directions and principal curvatures of surface Z^. At the mean 
contact point the principal directions and curvatures are represented by the 
following equations 


tan 2o 


( 1 ) _ 


sin ip sin 23 
c 


L 2 2 2 

y— - tan Y- sin 2i|j + sin 3 sin i]j - cos 3 
J. c c 


(2.4.22) 


Ki - 


2 2 2 

cos cot Yj^ (sin 3 sin \|;^ + cos 3) 

rl ^ "Lsin 


(2.4.23) 


.(1) .CD _ 

Kj. -Kjj - 


2 2 2 

cos i|j cotYi (sin 3 sin i{j -cos 3) 

9 - + — ^ — t 9 

r„ L sin lii 

F ]_c 

• CD 


(2.4.24) 


cos 2a 

Now, let us define principal curvatures and directions of surface 
generated by surface Z^. They are represented by equations analogical to 
equations (2. 4. 5) -(2. 4. 7) 


tan 2a 


(2) _ 2V 


( 2 ) 




(2.4.25) 


K 


( 2 ) 

I 



. k ^ 2 ) 

*^11 


(2.4.26) 

- 

•^II 



I 

cos 20^^^ 

(2.4.27) 
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To define functions and C<Jjj^ = 4>p) it is 

sufficient to change subscripts "F" for "k" and "1" for "2" in expressions 
(2.4.17)-C2.4.21) . 

fkl 

The principal curvature iCj ^ of surface is represented by equation 

analogous to (2.4.2) 



cos(g - 4)j^) 


bj^sinipctanif^cSinCqk - + r^^cos i|^^cos(3 - 

Equations (2.4.28), (2.4.2) and (2.2.22) yield that 


(2.4.28) 


r - r 

1 1 K F 

^(k) "^(F) ■ cosip 

Kj Kj C 


(2.4.29) 


Equations (2.4. 25) -(2.4. 27) and (2.4.28) represent principal curvatures 
and directions of surface E^. 

On the third stage of solution the size and direction of instantaneous 
contact ellipse is to be obtained. Equations (1.7. 30) -(1.7. 34) are to be 
applied for this aim. 


2.5. GEOMETRY II: GENERATING SURFACES 

Fig. 2.5.1 shows two generating surfaces E^^ and Ep rigidly connected 

with each other. These surfaces are in tangency along their common circle 

C of radius r^ (Fig. 2.5.1). Surface Ej^ is a cone surface represented 

in the coordinate system by equations (2. 2. 19) -(2. 2. 21) . Surface Ep is a 

surface of revolution. It is generated by the revolution of an arc m-m of a 

circle of radius p about axis x (Fig. 2. 5. 2, a). The arc m-m is represent 

ed in the auxiliary coordinate system S (x ,y ,z ) by equations. 

O' 3. £t 3. 
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= pCsimpp- simp^) 
y^ = 0 

2 = p(cosTp„- COS tI; ) + r„ 

a F c F 


(2.5.1) 


Surface Ep is represented in coordinate system S^(x^,y^,z^) by matrix 
equality 

[-c] = M H = 


1 0 
0 cos 6 
0 -sin 6 


F sin 6p 
F ®F 


(2.5.2) 


x^ = p(sini//p- sini/;^) 
y^ = rp(cosipp- cosTj;^) + rpj sin 0 
= [p(cosi|;p- cos xlJ^) + Tpj cos 6 


(2.5.3) 


Here: ij;„ and 0„ are surface Z_ coordinates. The coordinate transformation 

r F r 

by transition from Sp(x^,yp,z^) (Fig. 1.5.4) is represented 

by matrix equality 

H ■ W tc] 

Expressions analogous to (1.5.9) and (1.5.15) yield 


(2.5.4) 


t'fc] = 


10 0 0 
0 cos(qp- <})p) -sin(qp- <j>p) -b sin(qp -(})p) 

0 sin(qp- (J)p) cos(qp- <J)p) b cos (qp - ({)p) 


0 0 


0 


(2.5.5) 


It results from expressions (2. 5. 3) -(2. 5. 5) that the generating surface Ep 
is represented in coordinate system by equations 

fFl 

x^ = p(sini|)p -sinij;^) 

y£^^ = [^p(cosif»p- cosip^) + rpj sinTp- b sin(qp - (f)p) (2.5.6) 

= [p(cosTjJp- cosij^^)+ r] cosTp+ bcos(qp- 4>p) , 
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where 


The surface normal is represented by equation 


. . 9r_ 9r- 

= _2lf. X 

^ diPp 36p 


if 

p cos Tj;, 


if 

- p sin sin T„ 
r r 

A cos T, 


if 

- p sin \Ij„ cos t_ 

r r 

- A sin T, 


F ' “ '"F 

A p simj^p ip + A p cos ipp sin Tp j £ + A p cos ij^p cos Xp k£ 


C2.5.7) 


Here: 


A = p(cosTp„- cos ) + r 

r C r 

TF") 

The surface unit normal n^ is represented by equation 


,CF) 


CF") 

n = I (F) I " C2.5.8) 


The generating surface and its unit normal are represented by 

equations (2.2.8) and (2.2.10) with subscript d=k. 

rk 

By = ii> r_ = r, , u, = — : — i — surfaces and I, are in tangency 

^F ^c F k k sin^J^ F k / 

c 

along the circle of radius r^^ = rp. 

2.6 Geometry II: The Line of Action 

The law of meshing of surfaces and was represented by the 

equation [see(2.2.18)] 

^^k ■ sin(0j^ - qj^ + 

- bj^sinip^ sin(qj^ - (J)^^) = 0 (2.6.1) 

At contact points of surfaces and parameter 

Uj^ sinij;^ ^ (2.6.2) 
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Equations (2.6.1) and (2.6.2) yield 

(2.6.3) 

This equation relates the surface parameter 0^^ with the angle of 
3f 

rotation By 0 this equation represents in implicit form a 

k ■ 

function 

Equations (2.2.8), (2.6.2) and (2.6.3) yield that the line of action 
can be represented that way 

Xf = 0, y^ = 0, 

bj^cos((^- (()j^) = Zf(<)>}^) (2.6.4) 

where angles [0- ^nd ^^re related by (2.6.3). 

Contact point paths on surface and can be defined the same 

way mentioned in item 2.3. 

2.7. Geometry II: The Instantaneous Contact Ellipse. 

The principal curvatures and directions of surface generated by 

surface were defined in item 2.4 by equations (2. 4. 20) -(2. 4. 21) . For 

surface with geometry II coefficients ^ 3 ^^* ^32^’ ^ 3 ^^^ 

C21 

and ^ are represented by following equatxons 




31 


= - 0 ) 


cot tjj^COS 


(2.7.1) 


C2)_ „fk) 


32 


= -03 


cot Y 2 sin 


(2.7.2) 



fkl 2 

J cotY2Sini|>^ 


COS Tj^sin qj^+ cos 3 cos(qj^- (|)j^) 


sin q, 
^k 




(2.7.3) 


p(2) 



sin Y 2 ^os Tj^sin 

\ [cos Tj^sin + cos 3 cos (q^^ - 4)^^]] 

2 2 2 

(sin ^i^^cos Tj^ - sin Tj^)sin qj^cot Y 2 
^k T^i^sin + cos 3 cos (q^^ - (J>^)] 


(2.7.4) 


(2.7.5) 
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(2.7.6) 


2 2 
,( 2 ) _ ^31 ^52 


2 2 2 

(sin ^^cos + sin Tj^)sin qj^cot Y2 
[cos Tj^sin qj^+ cos g cos (q^^ - 


Parameters 0^^ and are related by equation (2.6.3). 

Now, let us define principal curvatures and directions of surface 
generated by Ep. To solve this problem we must in first define principal 


directions and curvatures of surface E^. 

F 


It is easy to verify that principal directions of surface Ep correspond 

dil^p d0p 

to = 0 and to = 0 and that principal curvatures are represented 

by equations 


K 


(F) _ 

I 


cos Ipp 

p(cos t|>p - cos ij;^) + tp 


(2.7.7) 


..(F) _ 1 

II ■ P 

At the point of contact of surfaces Ep and E. 


-(F) _ 


cos i|; 


(2.7.8) 

the principal curvature is 

(2.7.9) 


because at this point T|^p = 

Principal curvatures and directions of surface E^ are represented by 
equations 


tan 2a 


( 1 ) _ 


2F 


( 1 ) 


^(F)_ ^(F)^ (1) 


(1)^ (1) _ (F)^ 


.(F) ^ (F) (1) 

.CD ^(D - I II ^ 

1 * 11 “ ( 1 ) 

cos 2a''-' 


(2.7.10) 

(2.7.11) 


(2.7.12) 
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Here : 

p(l)= p(2)^ gCD^ g(2)^ ^(1)^ g(2) 

The size and direction of instantaneous contact ellipse are defined the same 
way which was mentioned in item 1.7. 
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3. METHODS TO CALCULATE GEAR-DRIVE KINEMATICAL ERRORS. 


5.1. Introduction 

It is well known that errors of manufacturing and assemblage of gears 
induce kinematical errors in gear-drives. These errors can be represented 
by a function 

A(t>^ (cJ)^,AQ), (3.1.1) 

where is the angle of rotation of the driving gear 1, 

AQ = (Aq^, Aq^, ...) (3.1.2) 

is the vector of errors; 

^<t>2 = ^2 " ‘*’2 (3.1.3) 

is the kinematical error of the gear drive represented as the difference of 
theoretical and actual angles of rotation of the driven gear. 

In this part of the report two methods to calculate the function (3.1.1) 
are presented: the first one is a numerical computer method and the second 

one is worked out as an approximate method but with a possibility to obtain 
relatively simple results which are in most cases in an analytical form, 

5.2. The Computer Method. 

In the process of motion tooth surfaces and ^2 niust be in contin- 

uous tangency. It was demonstrated (see item 1.1) that following equations 
are to be observed (see equations (1.1.12) and (1.1.13). 


£f^^^ (Ui,0i,(J)i) = r^^^^ (u2,02*4>2) 


(3.2.1) 




(3.2.2) 


Here: position vectors and normals of surfaces 

as defined in coordinate system rigidly connected with the frame; 

u^, 6^ are the surface coordinates, are the angles of gear rotation. 
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Here it is assumed that errors o£ manufacturing and assemblage did not 
appear. 

For gears with errors represented by vectors ^^2 following 

equations of tangency must be observed instead of equations (3.2.1) and 


(3.2.2) 

= njf^^(U 2 , 62 ,((i 2 .AQ 2 ) 

Equations (3.2.3) and (3.2.4) yield the function 

(f.2((J)^,AQ^, AQ^) = <J)^(<j)p + A4>2 (4>^,AQ^, AQ^) 


(3.2.3) 

(3.2.4) 


(3.2.5) 


Here: (J) 2 (<t> 2 ) is the theoretical function yielded by equations (3.2.1) and 

(3.2.2). 


Equations (3.2.3) and (3.2.4) also yield the functions 
Ui(4)i,AQi,AQ2), 0.(cp^,AQ^,AQ2) (i=l,2) 

Functions 


(3.2.6) 


r^(Ui,9i), u^((j)j,^Qj,AQ2) , 

represent the path of contact points on surface 2]^ 
meshing with errors of manufacturing and assemblage. 
Functions 


(i=l,2) (3.2.7) 

corresponding to gear 


ri(Ui,6i), o?(4>p, e^(4>^) (3.2.8) 

represent the path of contact point on surface correspondent to the 

meshing without errors. Comparison of functions (3,2.8) and (3.2.7) yields 
the change of contact point path induced by errors. 

Let us consider the detailed solution of equations (3.2.1) -(3.2. 2) 
and (3.2.3)-(3.2.4) . 
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Vector- equations (3.2.1) and (3.2.2) yield only five independent scalar 
equations because | : 

fjCUi,6i,(t>i,U2,e2,«t)p = 0 (j=l,2... .,5) (3.2.9) 

It is assumed that 

^^1"^2*^3*^4"^5^ e C 

and that the system of equations (3.2.9) is satisfied by a set of parameters 

ic ^ "k 4c 'ic ^ 

p = (3.2.10) 

and surfaces and are in tangency at a point Mo- Surfaces 2^ and 

Z^ will be in point contact in the neighborhood of Mo if by the set of 
parameters P the following inequality is held 


D(Uj^,e^,U2,e2>'J’2^ 


af. 

3f, 

3f, 

3f, 

3f, 

1 

1 

1 

1 

1 

I'll. 

30^ 

3u2 

^»2 



3f^ 

9fr 

9fr 

3fr 

5 

5 

5 

5 

5 

3ui 

Ml 

3u2 

382 

34>2 


0 


(3.2.11) 


Then in the neighborhood of P equations (3.2.9) provide functions 

jujWp.BjCclip.UjOtiij.ejC'l’p.'I’jC't'i)} (3.2.12) 


Function (|)2((J>j) represents the ideal law of motion transformation. 
Mostly, (|)®((J)^) is a linear function. 

Equations (3. 2.3)- (3. 2.4) also yield a system of five independent 
equations 

^^1'®1*‘^1’^2"®2'^2"^2^ = 0 (3.2.13) 


By the same value of 4> this system is satisfied by a set of parameters 


t ** ** 

P = (u^,0^,^ 


* ** ** 
r^2*®2 ’ 


(3.2.14) 


which is different from the set P represented by (3.2.10). 
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System of equations (3.2.13) can yield functions 


u^(4)j,AQ),e^((J)^,AQ),U2C(l)j,AQ),e2(4>i,AQ),(J)2(4>^,AQ) eC (3.2.15) 

t I 

in the neighborhood of P if at P the following inequality is held 


D(“i>0i>“2’®2’V 


(3.2.16) 


Function 4>2(4>2»^Q) represents the real law of motion transformation. 
Kinematical errors of the gear-drive are represented by function 

^^2 " (3.2.17) 

The demonstrated method can provide not only the kinematical errors 
induced by errors AQ but new contact point path on the surface , too. 
(see functions (3.2.7)). 

The solution of a system of five non-linear equations is a hard problem 
and needs iterations. To save computer time a more effective way of solution 
was recently proposed by F. Litvin and YE. Gutman [12]. The principle of this 
method follows: 

The system of equations (3.2.13) can be represented as follows 


f 1 (Uj^ , 0 1 , 4)l , U 2 , 02 , 4>2 ^^1 * ^^2^ 

(3.2.18) 

f2(Ui,0i,4)i,U2,02.4>2^A,Hi,H2)=O 

(3.2.19) 


(3.2.20) 


(3.2.21) 

*sf“l’®l''<’l’“2’®2’V = ® 

(3.2.22) 


Equations (3. 2. 18)- (3. 2. 20) are yielded by vector equation (3.2.3) and equa- 
tions (3.2.21)-(3.2.22) by vector equation (3.2.4). Parameters A,H^ and 
H2 are linear measurements which .represent the shortest distance between 
gear axes of rotation and axial settings of gears (Fig. 3.2.1). 
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FIG. 32.1 


Axial Settings of Gears:. H.| , H2 and A 
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Let us suppose that points M^(u^,0^) and surfaces 

and E^ are chosen. By a set of given parameters (u^,9 j^,U 2 , 62 ) system of 
equations (3.2.21) and (3.2.22) becomes a system of two equations in two 


unknowns which may be expressed as 

Fj((f)^,cl)2)=0 (3.2.23) 

F2((J)^,(J>2)=0 (3.2.24) 

After that a system of three equations must be solved 

A-K^(Uj^,6^,(|)^,U2,e2,c})2)=0 (3.2.25) 

^r^2^^1^®l^^l’^2’®2^^2^"° (3.2.26) 

H2-K3(Ui,0i,(j)i,U2,02,c|)2)=O (3.2.27) 


The method of solution of the two systems of equations (3.2.23)- 

(3.2.23) and (3. 2. 24) -(3. 2.26) is an iterative procedure. By computation 
one of four variated parameters *^ 2 ^ fixed and the three others 

must be changed that way that two mentioned above systems of equations are to 
be satisfied. 

The advantage of the proposed method is the opportunity to divide the 
system (3. 2. 18) - (3. 2. 22) of five equations into two subsystems --of two 
and one of three equations - and solve them separately 

3.3. Approximate Method 

Accuracy of gear drives investigated by the above computer method 
can be defined as a rule only numerically and this is a certain disadvantage 
of this method. Therefore, in addition to the computer method an approximate 
method with the opportunity to obtain results analytically is proposed. 
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Figure 3.3.1 shows two surfaces and which are in tangency at 

point M. Points and of these surfaces coincide with each other 

at M, position vectors r^^^ and r^^^ drqwn from 0^ and surface unit 
normals n^^^ and n^^^ coincide at M, too. Surfaces E^ and E^ 
rotate about axes I-I and II -II and angles of rotation and <p° correspond 

to the positions of surfaces shown in Fig. 3.3.1. It is supposed initially 
that Ej^ and E^ are manufactured and assembled without errors. Due to 
errors surfaces E^ and E^ cannot be in tangency by the same values of 
and 4^2 “ either a clearance will appear between these surfaces or the 
surfaces will interfere with each other. Figure 3.3.2 shows that surfaces 
Ej^ and E^ are not in tangency: points and do not coincide with 

each other, r^^^ / r^^^ and n^^^ / surfaces and E^ 

in tangency it is sufficient to rotate one of the surfaces by an additional 
small angle. It is more preferable to hold the position of surface E^ and 
to rotate surface E^ until it contacts E^ . Then the additional angle of 
rotation will represent the change of theoretical value 4>® induced 

by errors of manufacturing and assemblage. It can be predicted that 
is a function of the vector AQ and changes in the process of motion. So 

A4>2 = f(4)^,AQ). (3.3.1) 

The definition of function (3.3.1) can be based on the equations of 
kinematical relations discussed in Item 1.1. 

Because tooth surfaces E^ and E^ are to be in continuous contact the 
following vector equations must be observed 




(3.3.2) 




(3.3.3) 
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It results from equations (3.3.2) and (3.3.3) that 


dsW . dsflj = ds( 2 ) . 

~tr ~r .-tr -r 


= dn^^^ + dn^^^ 


(3.3.4) 

(3.3.5) 


Here: ds^j;^ is the displacement of the contact point of surface 

(i = l,2) in transfer motion (with the surface); ds^^^ is the contact point 
displacement in relative motion (relative to the surface); notations of 
and dn^^^ have the same meanings for the tip of the unit normal 
vectors; subscript "f" is dropped for simplification. 

Equations (3.3.4) and (3.3.5) are similar to equations (1.1.35) and 
(1.1.36) . 


Errors of manufacturing and assemblage induce that the theoretical con- 
tact point changes its position. To hold surfaces in tangency following 
equations must be observed 


ds^^^ + ds^^^ + ds^^^ = ds^^^ + ds^^^ + ds^^^ 
~tr ~r ~q -tr ~r ~q 


dnfl^ . dn(l) . dn”5 = d (2) , dn^^) . dn'^J 
~tr ~r ~q ~tr ~r -q 


(3.3.6) 
. .^.7) 


Here: the subscript ”q" corresponds to the displacement induced by errors. 

It is necessary to empha' .ze that not only angular errors but linear errors 
also induce dn^^^ . 

•^q 


It was mentioned above that interference of surfaces or their clearance 

can be compensated by rotation of surface only. Therefore, ds^^^=0 

and dnf^^=0 and 
~ tr 




~q 

. dnCl’ = 

~q 


dst2) . dsC2> . dsf2) 
~tr ~r ~q 

~tr ...r ~q 


(3.3.8) 


(3.3.9) 


It was demonstrated in item 1.1 that 
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(3.3.10) 




where 




is a vector drawn from an arbitrary point N 


( 2 ) 


of axis rotation to the con- 


tact point 

(Fig. 1.2.1). 


Then, 

(see item 1.1), 



dn^^^ = d(j)^^^ X n*^^^ 

.^-tr ~ 

(3.3.11) 

Here: 

vector is similar to vector 

and is directed along 


the axis of rotation according to the direction of rotation 
,,(i) (i) 

d4> = ti)'- ■'dt, 

where t is time. 

Let us compose following scalar products 

CD . ..CD, . „ r^.( 2 ) ^ ^3(2) ^ ^^( 2 ) 


(3.3.12) 


n.(ds'""^ + ds '•"'') = n.(ds. 

- ^ ~r ~ ~tr 


~r 


ds^^D 

q 


n.(dn« =n.(d„CT . , 

~ ~r ~q ~ ^tr ~r -q 

where n is the common unit normal of surfaces . 


(3.3.13) 

(3.3.14) 


Vectors ds^^^ and ds^^^ belong to the common tangent plane T (Fig. 
3.3.1). Therefore, 


n.ds^^^=0 (i=l,2) 


(3.3.15) 


Equations (3.3.13), (3.3.10) and (3.3.15) yield 


’ ( 2 ) ( 2 ) 

dcj)'- -^n 


= Idstl5. dsf^’i.n 


(3.3.16) 


,q ^q 

It is easy to be verified that both parts of equation (3.3.14) are 
equal to zero identically. Indeed, vectors dn^^^ belong to the tangent 
plane and therefore 
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0 


(3.3.17) 


n.dn 
~ ~r 


Ci) _ 


It results from equation (3.3.11) that 


n.dn 


( 2 ) 

tr 


= n d<t>^^^n = 0 


(3.3.18) 


Vector dn^^^ (i=l,2) can be represented the expression 

H 

dn^^^ = d6^^^ X n 
~q ~q 


(3.3.19) 


where d6^^^ is a vector represented by the angular error. 
Therefore 


n.dn^^^ = l^n d6^^^nj= 0 (3.3.20) 

Equation (3.3.16) is the basic equation for the determination of kinematical 
errors of gear drives. Its application will be demonstrated in the following 
items. 

3.4. Kinematical Errors of Spiral Bevel Gears Induced by Their Eccentricity 
Gear eccentricity occurs when a gear's geometrical axis does not coin- 
cide with its axis of rotation (Fig. 3.4.1). By rotation the geometrical axis 
of a gear generates a cylindrical surface of radius Ae. The vector of 
eccentricity Ae is represented by a vector of constant magnitude which rotates 
about gear axis. 

The initial position of vector Ae (the position at the beginning of 
motion) is given by the angle a and its current position by angle (cj) + a) 

(Fig. 3.4.2). 

Fig. 3.4.2 shows coordinate systems (x^^jy^^jZ^^) and rigidly 

connected with gear 1 and the frame; the coordinate system Sj^ is an auxiliary 
one which is also rigidly connected with the frame. The driving gear 1 rotates 
about axis Zj^. The position of Ae^^ in coordinate system is given by the 

angle made by Ae^ axis x^. The current position of Ae^ in coordinate 
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system S^(or is defined by the angle (<}>^+a^). Vector Ae^^^ is 

represented by the matrix equation 



cos Yj 
0 

-sin Y- 
. 1 

Matrix equality (3.4.1) 

[„<■>] . 


0 sinYj^ 

1 0 

0 cos Yj^ 

yields 
~Ae j^cos ((|)^+ a^) cos y^ " 
-Ae^sin((j)^+ a^) 
jAe^cos ((f)^+ a^)sin Yj, _ 


Ae^cos (0^+ a^) 
-Ae^sin((f)^+ a^) 
0 


(3.4.1) 


(3.4.2) 


( 2 ) 

The vector of eccentricity of the driven gear 2 Ae^ can be defined 
the same way. Fig. 3.4.3 shows coordinate systems and rigidly 

connected with gear 2 and the frame. Coordinate system is also rigidly 

connected with the frame. 

Vector Ae is represented by the matrix equation 


[■•?>] ■ 

W 

K’] 

" cos Y 2 

0 

-sin y. 

0 

1 

0 

_ sin Y 2 

0 

cos y. 


Ae2Cos(<|)2+ ^ 2 ) 

Ae2sin(^2'^ ^ 2 ^ 


It results from matrix equality (3.4.3) that 
Ae 2 COs (c|) 2 + 0 ^ 2 ) cos 


N"] 


Ae2sin((j)2+ (^ 2 ^ 


(3.4.3) 


(3.4.4) 


Ae2Cos(({)2+ a2)sin Y^ 

Kinematical errors induced by gear’s eccentricities are defined by an 
equation similar to (3.3.16): 
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(3.4.5) 


Pf^^n J = ^Ae 


F^-Ae 


If /‘?f* 


where Ae/^^ 


-:^f 


and Ae ^ 


are represented by matrices (3.4.2) and (3.4.4); 


,C2) 


^ CFig- 3.4.3) is represented by matrix 


Ki- Ni fn- 


-A<p^ sin Y 2 


Acf)^ cos Y 2 





cos Y 2 0 -sin Y 2 


0 

0 10 


0 

sin Y 2 0 cos Y 2 


A(J>2 

- _ 


* 


(3.4.6) 


,( 2 ) 


Vector p| represents the position vector of a point which belongs to the 
line of action and n^ represents the unit normal of the contacting surfaces 
at their point of tangency. 

Equations (3.4.5) and (3.4.6) yield 


A(j)^ = 


n ZAe + n ZAe + n SAe 
X X y y z z 


2 -y cos Cx cos Y 2 + Z sin Y 2 ) n " y sin Y 2 


(3.4.7) 


Here: S Ae = Ae^^^- Ae^^^ , Z Ae = Ae^^^- Ae^^\ Z Ae = Ae^^^- Ae^^\ The sub- 

xxx z z z 

script "f" was dropped in equation (3.4.7). The unit normal was represented 
by equations (2.2.10) 

n^ = sin;!; i^^ + cos sin T.j^ + cos ;!; cos t ,k_ = 

-f ^c-f ’^c d~f ^c d-f 

cos i|;^|cos(3 - ())^) j^+ sin(3 -<J>^) k J = 

sinij/cif + cos ip^|^cos(e - (J)^sin Yj) jf + sin(3 - (J>jSin Yj)kfj (3.4.8) 
Equations (3.4.7) by represent the surface unit normal at the point 

of intersection of the tooth surface with the generatrix of the pitch cone. 

Coordinates x,y,z of a current point of line action were represented: 
(a) by equations (2.2.25) for spiral bevel gears with geometry I; (b) by 
equations (2,6.4) for spiral bevel gears with geometry II. 
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In the process o£ meshing of one pair of teeth the angle of rotation 
changes in the interval [-tt/N^, where is the number of teeth 

of gear 1. Considering c|)^sinYj^ as negligible the unit surface normal 
can be represented by the equation 

n^ = sintjj^i^ + cos ip^Ccos 3 + sin31^£) (3.4.9) 

With the same assumption for ({j^^siny^^ it can be taken that 

= 0, y^ = 0, = L (3.4.10) 

Equations (3.4.7), (3.4.9) and (3.4.10) yield 


n SAe + n ZAe + n ZAe 

AA (<J,J = -iS ^ Z Z z z. 

L siny^ cos cos3 


(3.4.11) 


Here; 


”y^^®y ^ +otj^) + b^cos((J)^ + a^) 

+ a2sin((j)2 +«2^ +b2Cos((J>2 +a^) (3.4.12) 


Here ; 


a.^ = -Ae^cosT|;^cos3 ; 


a^ = -Ae2Cosi|^^cos3 ; 


1 N, 


b^ = Ae^ (cosYj^sinip^ - sinYj^cosip^sin3) 
b2 = -Ae2(cosY2sini|;^ + sinY2Cosi|j^sin3) 

(3.4.13) 


It results from equations (3.4.12) that kinematical errors of spiral bevel 
gears can be represented as the sum of four harmonics . The period of two 
harmonics coincides with the period of revolution of gear 1; the period of 
the other two harmonics coincides with the period of revolution of driven 
gear (of gear 2) . 

The function A4>2(<J)j^) as defined by equation (3.4.11) is a smoothed 
function. In reality this function breaks by changing teeth in meshing. 
This break can be discovered if the fimction A(j)2(4*2) defined by equa- 
tion (3.4.7). 
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Equation (3.4.11) can be applied for spur gears, too. By Lsiny2 = ^ 2 * 
3 = 0, siny^ = siny2 = 0 equations (3.4.11) and (3.4.12) yield: 


A<f>2C0i) = 


Ae^sin(ipj, - <pj^ - ct^) + A.e2sin(i/)^ 


+ a. 




r.cos }p 
2 c 


(3.4.14) 


where r^ is the pitch radius of gear 2. 

Parameters and influence the distribution of function 

in the positive and negative areas. For a drive with N = N , 

^ i 12 

= TT + and A.e^ = Ae^ the function A4)2(<l)j)= 0. In other words, kine- 
matical errors induced by eccentricities Ae^ and A 62 are compensated 
completely. 

3.5 Kinematical Errors Induced by Misalignment 

There are following kinds of misalignment (Fig. 2.2.2): (a) displace- 

ment of a gear in direction of positive or negative axis x^; (b) axial displace- 
ment of gear 1 in direction of its axis Oa; (c) axial displacement of gear 2 
in direction of axis Ob; (d) an error of the angle made by axes Oa and Ob. 

Let us suppose that gear 1 is displaced in the direction of negative 
axis x^ by 


A s^^^ = - AAi^ (3.5.1) 

Equations (3.3.16) and (3.5.1) yield 

= - As^^^n (3.5.2) 

It results from (3.5.2) that 


A(|)2C4)^) = 


- A A sin i|j 


— — (3.5.3) 

-ycosy 2 n^ + (xcosy 2 + z sin y2)n^ - y siny2n^ ^ 
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Here; (|)^ = 4)j^sinYj^= (J> 2 sinY 2 is the angle of rotation of the generating 
gear; x,y,z are coordinates of the line of action represented by equations 
(2.2.25) and (2.6.4) for spiral bevel gears with geometry I and II, respec- 
tively. 

Now, let us consider a case when gear 1 is displaced in the direction 
of negative axis y^ at 


A = - A E j - 
if 

By analogy with equation (3.5.3) it will be 

AE n 


(3.5.4) 


(3.5.5) 


^^2^^d^ -y cos Y^n + (x cos Yo + Z sin Yo)n -ysinY^n 

The variation of the angle made by gear axes Oa and Ob can be represent- 
ed as a result of rotation of one of the gears about axis y^, instance, 

gear 1. The vector of rotation is 

A6 = A6j^ (3.5.6) 

and the displacement of contact point is represented by equation 


A s^^^ = A5 X p, 

~q ~ ~ 


(3.5.7) 


where p is the radius- vector drawn from o^ to the point of action. 
Kinematical errors induced by As^^^ are represented by equation 

[A(^^^^pn^ = |^A6pn^ 

Equation (3.5.8) yields 

, 


(3.5.8) 


(z n^ - X Tk2,)A6 


(3.5.9) 


-y cos Yo^i + (x cos Yo + z sin Yo)n -ysinY^^- 
z X. z z y z z 

Equations (3.5.3), (3.5.5) and (3.5.9) canbe simplified for spiral bevel 
gears with geometry II taking into account that in this case x = 0, 
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y=0 (see equations (2.6.4)). 

Equations proposed in this item can be applied for approximate determina- 
tion of kinematical errors induced by incorrect methods of generation of spiral 
bevel gears and for determination of machine settings to compensate such 
errors . 

It was mentioned in item 2.1 that a correct meshing of spiral bevel gears 
can be gotten by coinciding three axes of instantaneous rotation. In reality 
these axes do not coincide and therefore kinematical errors represented by 
equation (3.5.9) appear by A6 equal to the sum of dedendum angles of the 
two gears . 

To compensate these errors corrections of machine settings for cutting 

the pinion are used. These corrections are pinion displacements represented by 
equation 

A s^^^ = AE + A Lk^, (3.5.10) 

where AE and AL are algebraic values. 

Equations (3.3.15) and (3.5.10) yield 


-ycosY2^^ + (XCOSY2 + z sin Y2)^y " y ^2^2 

To compensate kinematical errors (3.5.9) the following function 
f»d) = 


AEn + ALn - (zn -xn) A6 

y 5 \ ^ (3.5.12) 

-ycosY 2 \ + (XCOSY 2 + z sin Y 2 )n^ - y sinY 2^2 

must be minimized. 

Let us represent function f((t>jj) as a difference of two functions as 
follows : 
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(3.5.13) 




Here 


(zn -xn)A6 

^ r A > ^ X z 

-ycosY2^j^ (x cos Y2 +2siny2)i^ ~ysinY2J^. 


(3.5.14) 


is the function of errors, and 


= 


A E n + A L n 
X L 


(3.5.15) 


1 d-^ -ycosY 2 ^ 3 j + (x cos Y 2 ■*■ z sin Y 2 )Hy - y sin Y 2 n^ 

is the compensating function which is applied in order to compensate the 
kinematical errors induced by A6 as a result of an incorrect method of gear generation, 


df. 


Let us define derivatives 


and 


df, 

4 

d(|) 


at the main contact point at 


d(f>d 

which y=0, x=0, z=L for gears with geometry I and geometry II. 

Geometry I. Projections of the surface unit normal were represented by 

equations (2.2.10) 

n = sinUi 
X c 

n^ = cos ijj^sin(9^ - + 4>^) (3.5.16) 

n = cos cos(6 j - q j + d) ,) 
z d ^d d 

where 9^ and q^ are constant parameters and 9^-q^ = 90®-3- 

Coordinates of contact point were represented by equations (2.2.25) 


X = 


y = 


z = 


sin(q^ - 


] 


.r - - b , Po — T-T~ sin\j> cos 

1^ d d cos (3 - <j>^) ' '' ' 

cos (3 - <{)^) 


tanijj 


b .sin 9 , 
d d 


(3.5.17) 


sin (3 - 

+ : X 


cos (3 - 4>^) tanij; 
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At the main contact point <P^=0, x=y=0, z=L. Equations C3.5.16) and 
(3.5.17) yield that at the main contact point 


dn 


dn 


dn 


X y z 

317“= 0, -Tl - COS Ip sin3j 31 —= - cos cos 6 
d^j d(|)j ^c d(f), ^c 


(3.5.18) 


j bjSinS, 

dx d d 


^^d cos^3 


sinil; cos ip = x sinTi; cos li; 

^c ^c cos 3 c 


Jr. = 

d(f). 


L cos^ij; 


(3.5.19) 

(3.5.20) 


= - L sin^’Jj tan 3 
dcp, ^c 


At the main contact point the derivative 


d£, 

£ 

d$" 


(3.5.21) 


is represented by equation 


df, 

d^ 


dz dx 

n - -n — n 


d(p^ X d(p^ z 

L sin Y^n 
2 y 


"x [“= ^2 (- 


dy dx \ . / dz *^^y dy 

n + -n — n j + sin / ~tt— n + z — ^ 


d(p^ X d<p^ yj 2 I d(j)^ y d(p^ d<l) 


T . 2 2 

L sin Y^n y 


Equations (3.5.22), (3.5.16) and (3. 5 . 19) - (3. 5. 21) yield 


df, 

d({) 


tan 3 tan 
sin Y 2 COS 3 


A6 


Equation (3.5.15), (3.5.16) and (3. 5. 19) - (3. 5. 21) yield that 

dn dn 


df , ^ ^ d(b , ^ ^ dd) , . ^ , o 

1 ^d ^d A E sin 3 - A L COS 3 


d(p 


L sin YoH 
2 y 


L sin Y 2 COS 3 




\6 


(3. 5. '22) 


(3.5.23) 


(3.5.24) 


Kinematical errors will be compensated in the neighborhood of the main 
contact point if 
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9f. 


9f. 


= 0 


This requirement is satisfied by 
A E sin 3 - A L cos 3 


+ A6 tan 3 tan ip =0 

Tc 


(3.5.25) 


(3.5.26) 


A requirement that functions must be equal at the 

main contact point yields 

A E cos 3 + A L sin 3 


- A6 tan ij; = 0 


It results from equations (3.5.26) and (3.5.27) that 

. „ tan i]j cos 2 3 
A E c 


cos 3 


A6 


-^-= 2 tan ip sin 3 A6 
L 


(3.5.27) 


(3.5.28) 


(3.5.29) 


Equations (3.5.28) and (3.5.29) provide approximate magnitudes of 
machine settings for spiral bevel gears. 

For spiral bevel gears with geometry II functions (3.5.14) and (3.5.15) 
will be the following ones. 


A6 n 




tan ijj 




sin Y 2 C 0 S 3 


A6 


(3.5.30) 


df, 

d<j) 


cot q j tan ijj 
cos 3 


■A6 


(3.5.31) 


fi»d) = 


A E n + A L n 

I L 

z sinY 2 


A E cos 3 + A L sin 3 
L sin Y 2 cos 3 


(3.5.32) 
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(3.5.33) 


d(}>^ LsinY 2 1 \cos3 sin3 / J 

Requirements that at the main contact point 

d£ d£ 

yield 

(cos3 - sin3 tan q^)tani|^^ A6 (3.5.34) 

(sin3 + cos3 tan q^)tam|;^ A6 (3.5.35) 

4. CONCLUSION 

a. General kinematic relations £or conjugate gear tooth sur£aces are proposed. 

The proposed equations relate the motions o£: (a) points o£ contact and 

(b) sur£ace unit normals. The equations above are applied to de£ine: 

(a) relations between principal curvatures and directions £or two gear 
tooth sur£aces which are in mesh, (b) kinematical errors induced by 
errors o£ manu£acturing and assemblage. 

b. Two mathematical models o£ geometry o£ spiral bevel gears are proposed. 
Models above correspond to the motion o£ contact point across and along 
the tooth sur£ace. 

c. The bearing contact o£ spiral bevel gears £or both models is determined. 

A computer program £or this has been worked out. 

d. Method to investigate kinematical errors o£ spiral bevel gears is worked 
out. 
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LIST OF SYMBOLS 


Section 1 

a 

A 

b 
B 
C 
f . 

'^II 

C = k^2) (2) 

1 

[L. .] 
ij 


[M. .] 


~abs 

n . (u . 9 . ) 

~i 1 

, (i) (i) Ci) 

tBx 4 
nW 

~r 

•(i) 

~tr 

N 

N, 


N- 


half the length of major axis 

auxiliary function used in Eq. (1.7.30) represented by 
Eq. Ci.7.31) 

half the length of the minor axis 

auxiliary function defined by Eq. (1.7.32) 

shortest distance between axis of rotation 

elastic deformation of surface £. 

1 

auxiliary function to determine size of contact ellipse 
auxiliary function to determine size of contact ellipse 
distance of point N from tangent plane t-t 
projection transformation matrix 
point of contact of tooth surfaces 

coordinate transformation matrix; transformation from 
S. to S. 

j 1 

absolute velocity of the end of unit normal 

unit normal vector to surface 

projections of n^^^ in coordinate system S^ 

relative velocity of the end of unit normal vector n^ 

transfer velocity of the end of unit normal vector n^ 

a point on surface 1 .^ 

new position of point N after displacement 

final position of point N after displacement and 
elastic deformation 

point on surface 2 

final position of N' after displacement and elastic 
deformation 
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N. 

--1 


r.(u. 0.) 
1 1 


S.(x. y. z.) 
t-t 

~abs 

v<i) 

7» 

~tr 

u(i) 


(21) ^ y(2) _y(l) 

4 '^! 

( 1 ) 


V 


( 2 ) 


.(1) , 


i(D) 

ill 

i(2). 

in i 

-CD 

‘II 


.C2) 

Ki 

£ I II 

( 2 ) _ ( 2 ) ( 2 ) 

e ■ '^II “^II 


normal vector to surface Z. 

1 

position vector describing surface Z. with surface 
coordinate (u . , 6 . ) 

coordinate system i 

tangent plane to surface and 

absolute velocity of contact point on surface Z^ 

relative velocity of contact point on surface Z^ 

transfer velocity of contact point on surface Z^ 

transfer velocities of points on surface Z. in 
coordinate system 1 ^ 

relative velocity of point 2 with respect to point 1 

Cartesian coordinates of contact point on surface Z. 
as expressed in coordinate system 

angle made by axis ri and 

( 2 ) 

angle made by axis ri and ij 

angle of crossing of axis of rotation 

approach of surface Z^ and 

displacement of surface Z^ when Z^ and Z^ are in 
meshing 

displacement of surface Z^ 

unit vectors along principal direction of surface Z^^ 
unit vector along principal direction of surface Z^ 
principal curvatures of surface Z^ 
principal curvatures of surface Z^ 
auxiliary function 
auxiliary function 

distance of points N and N’ from point 
angle between i^^^ and ij^^ 
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surface i 


S. 

1 

c})^ angle of rotation of gear i 

angular velocity of surface 


Section 2 




b 


( 1 ) 

3 





[L. .] 
ir 

[M. .] 

*- i]-* 





S 

a 


Cx 


S 

c 


>y ■ 

C C 



S. 

1 


u 


d 


(i = l,2) (d = f,k) 

auxiliary function defined by Eq. (2.4.11) 
auxiliary function defined by Eq. (2.4.12) 
auxiliary function defined by Eq. (2.4.13) 
a parameter of tool setting 

auxiliary function used to compute the principal direction 

of surface E. 

1 

auxiliary function used to compute the principal curvatures 

of surface E. 

1 

projection transformation matrix 

coordinate transformation matrix; transformation from S. 

to S. ^ 

1 

surface unit normal 

surface normal to surface d 

a parameter of tool setting 

locus of contact point on surface d 

a parameter of tool setting 

auxiliary function used to compute principal curvature of 

surface E. 

1 

z ) auxiliary coordinate system 

z^) coordinate system used to represent surface E in 
geometry II ^ 

coordinate system rigidly connected with frame 

coordinate system rigidly connected with gear i 

generating surface coordinate 
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yCFl) 

£ 

v(K2) 

f 







3 




K 

K 

a 


(d) 

I 

(d) 

II 

(i) 



Z. 

1 


Jdl) 


Xd) 


Ui 


Ci) 


relative velocity o£ a contact point on surface 2p with 
respect to contact point on surface 

relative velocity of a contact point on surface with 
respect to contact point on surface 

coordinates of the line of action of surface Z. 


(d) 


components of the equations of the generating surface Z 
9O°-(0^-q^) see Eq. (2.2,24) 
half of pitch cone angles of gear i 
generating surface coordinate 


unit vector representing the first principal direction of 
surface d 

unit vector representing the second principal direction 
of surface d 

principal curvature I of surface d 
principal curvature of II of surface d 
angle between i^^^ and positive clockwise 

tool surface d 

generated surface of pinion and gear 

6 , - (q, - <}) ,) auxiliary function 
d d d 

angle of rotation of generating surface about axis x^ 
angle of rotation of gear i 
shape angle of head- cutter blades 

relative angular velocity of contact point on surface d 
with respect to contact point on surface 1 

angular velocity of surface d 

angular velocity of gear i 
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Section 3 


AA 

AE 


AL 


M. 

1 



^2 



a. 

1 


A6 


E. 

1 



gear displacement 

machine setting 

eccentricity vector of gear i 

machine setting 

contact point on surface 

unit normal vector of surface Z^^ 

vector of errors 

components of vector of errors 

position vector of point on surface Z^ 

displacement vector of contact point due to kinematical errors 
angular position of eccentricity vector 
sum of dedendum angles of gears 1 and 2 
surface i 

kinematical error function 

theoretical value of gear 2 angle of rotation 
actual value of gear 2 angle of rotation 
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